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Abstract

We develop a theory of measurement scales for utility functions, based on
a generalization of the notion of numeraire commodity. Every sufficiently well-
behaved utility is denominated in some scale of this form, and conversely, the
choice of a compatible scale unit uniquely identifies utilities up to an additive
constant. We define a profile of utilities to be interpersonally comparable pre-
cisely when they are denominated in a common measurement unit. We study
when profiles of comparable utilities exist, as well as how a planner ought to ag-

gregate them, and provide applications to social choice and welfare economics.

“If we want to compare utilities between two people much the same
problem exists ... we do not seem to have any ‘outside thing’ which can

be measured by both persons to ascertain the relation between the units.”
—Luce and Raiffa (1957) p. 34.

1 Introduction

The question of how to obtain cardinally meaningful, and interpersonally compara-

ble, measures of individual well-being is foundational to much of modern economics.*

*We are grateful to Chris Chambers, Luciano Pomatto, Antonio Rangel, Axel Niemeyer, and
Omer Tamuz for helpful discussions over the course of this project.
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IFor example, cost-benefit analysis weighs the gains of some individuals against the losses of

others (Chipman and Moore 1976, 1980; Schlee and Khan 2023), optimal taxation considers reform
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However, despite the centrality of these notions, they have frustrated nearly all at-
tempts to give them concrete, formal meaning within the standard framework of
economic theory.? This has given rise to a broad consensus that any methodology for
systematically considering such comparisons must necessarily make use of normative,

external judgments.?

The objective of this paper is to develop a theory of comparable utilities, relying
only on ordinal preference information.* Rather than emphasize any particular choice
of representation, we build on work from Caradonna (2024) to introduce a notion of
a ‘measurement unit’ for utilities. This allows us to formally speak of which possible
units a given utility function is denominated in, without constraining the values it

assigns to particular outcomes.

This, in turn, provides a natural criterion for interpersonal comparability. We
define a profile of utilities to be interpersonally comparable precisely when there
exists a common unit in which every representation is denominated. Our main results
characterize when a profile of utilities admits such a common unit, supply axiomatic
foundations for the utilitarian aggregation of comparable utilities, and describe the

jointly comparable representations of profiles of ordinal preferences.

Critically, this is not a positive theory of utility—we make no claim that com-
parable profiles reflect the literal felicities experienced by each individual. Instead,
our results provide a benchmark for when it is justifiable, or rationalizable, for a
planner to treat utility differences, across both pairs of outcomes and individuals, as

quantified on a common scale. We illustrate this below.

Example 1. Suppose society consists of S individuals with preferences over bundles
of two commodities, x = (2!, 2%) > 0, that can be represented by a quasilinear utility
function:

ut(x!, 2%) = v (2?) + 2t (1)

incidence across households (Guesnerie 1977; Tirole and Guesnerie 1981; Saez and Stantcheva 2016;
Sher 2024); social choice compares both utility levels, and differences, across individuals (Sen 1970,
1974; d’Aspremont and Gevers 1977; Roberts 1980a,b).

2For an excellent overview, see Hammond (1991).

3E.g. Robbins (1938); Arrow (1950); Samuelson (1954); Sen (1999). See also Fleurbaey and
Hammond (2004) for further discussion.

4That is, on the basis of ordinal preferences defined over pure outcomes. In particular, we do not

consider ‘extended’ preferences over outcome-individual pairs, e.g. Suzumura (1996).



Let ¢i(x) = 2+ (¢,0) denote the transformations which add ¢ units of the numeraire
commodity, whenever feasible.” Such transformations are objectively meaningful, as
they are defined without reference to any preference. Moreover, every utility (1)

satisfies the functional equations:

u (i) = u'(z) + ¢, (2)

for every bundle z and feasible quantity ¢. Thus, for every individual, a utility differ-
ence of ¢ has the same interpretation: the value of ¢ additional units of the horizontal-
axis commodity. This common scale is not obtained by prescribing particular utility
levels to specific allocations. Instead, it is supplied by the exogenously-defined family
of transformations {¢;}. In such circumstances, we regard the utilities u® as inter-

personally comparable. [

By relying on general transfer functions, rather than physical commodities, we are
able to define numeraire-like structure more broadly. When society’s preferences are
over a space of social states or allocations X', we define a ‘virtual’ commodity simply

as a collection of transfer functions, ¢;, each mapping X — X', satisfying:

@o(r) =2 and @y (SOt(l')) = py4t(),

whenever the relevant transfers are feasible.® We interpret each ¢, as augmenting
a given state, or allocation, with ¢ additional units of an abstract good. Such a

commodity defines a utility unit for a representation u whenever:

u(pi(z)) = u(z) +t,

for every feasible z and t, and we define a profile (u!,...,u") to be interpersonally
comparable when it admits a common utility unit. Because the transforms ¢, are
defined over social states, without reference to any preference or utility, they provide
a common, objective scale of measurement. In the language of Luce and Raiffa (1957),
they supply precisely the “outside thing,” against which each utility can be measured,

to ascertain the equivalence of their units.

Our first main result shows that monotonicity, and a simple ‘no wealth effects’

axiom, characterize the set of virtual commodities that are utility units for some

SFormally, when ¢ is negative, we require that (! + ¢, 22) remain component-wise positive.
6More generally, we allow ¢;(z) to not be defined for all x,  pairs, to reflect that certain transfers

may not be feasible given bounds or other constraints on the space of states X'.



representation of a given preference. Conversely, we show every utility representation
of a preference admits a unit of this form, which uniquely determines it, up to an
additive constant. Thus, the selection of a valid commodity of this form is equivalent
to the selection of a privileged measurement unit, or “util,” in which to numerically

denominate a representation.

This also highlights that our notion of comparability imposes material restrictions
on profiles of utilities. If a profile contains two utilities for the same preference, that
differ by a nonlinear, monotone transform, no common utility unit can exist. More
generally, we show a simple geometric condition on the gradients of a utility profile
completely characterizes comparability, providing a straightforward test for verifying

it in practical applications.

We then consider how a social planner ought to aggregate such utilities. Restricted
to the domain of comparable profiles, we show a planner who uses the cardinal mea-
surements, and interpersonal comparisons, justified on the basis of a common utility
unit, but who otherwise satisfies the axioms of Arrow (1951), is necessarily utilitarian.
Crucially, this characterization endogenously justifies the cardinal and interpersonal
comparisons it relies on, rather than assuming the informational basis for making
them is externally given. Thus, our notion of comparability provides an underly-
ing, theoretical basis for the unit comparability assumptions widely used in social
choice, e.g. Sen (1970); d’Aspremont and Gevers (1977); Roberts (1980a,b); Bossert
and Weymark (2004).

Finally, we consider the problem of whether a tuple of ordinal preferences admits
any comparable profile of representations, and if so, how many. When multiple com-
parable profiles exist, each corresponds to a different choice of utility unit in which to
measure well-being. Beyond yielding differing normalizations for individual utilities,
the associated utilitarian social preference obtained from each comparable profile will
generally differ. In such cases, additional economic or normative considerations are

required to select from the set of admissible units.”

For profiles of expected-utility preferences, this multiplicity provides a unifying

"However, even in such cases, the requirement of comparability starkly restricts the set of util-
itarian social preferences. For any sufficiently rich tuple of preferences, we show the collection of
comparable profiles is always finite-dimensional, and thus makes up a vanishing proportion of the

set of possible profiles of representations. See Theorem 4 and Theorem 6.



perspective on several well-known theories. We show utilitarian aggregation of von
Neumann-Morgenstern utilities a la Harsanyi (1953, 1955), relative utilitarianism
(Dhillon and Mertens 1999), and the Nash social welfare function (Kancko and Naka-
mura 1979), all correspond to utilitarian aggregation of comparable profiles, differing
only in the choice of common measurement unit. Moreover, for sufficiently rich pro-
files, we prove every interpersonally-valid utilitarian social preference takes one of

these three forms, or corresponds to a simple, parametric combination of them.

In particular, we provide new justification for methods of aggregation that rely on
profiles of von Neumann-Morgenstern utilities, or their normalized logarithms. Apart
from their convenience and interpretational simplicity, we show such representations
make up essentially the only interpersonally comparable representations for expected
utility preferences. This provides a new perspective on a longstanding critique of
Harsanyi’s theorems, which asserts his reliance on expected utilities is unjustified.
See, e.g., Weymark (2005); Roemer (2008). Similar critiques have also been raised

for the Nash social welfare function (Gonczarowski and Segev 2024).

In general, describing the set of comparable profiles of representations (or even
determining its non-emptiness), for given preferences, is a difficult problem. However,
in the setting of local welfare analysis (e.g. Guesnerie 1977; Milleron 1970; Arrow and
Lind 1970; Radner 1993), we provide a complete characterization. Our results rely
on a suite of results due to Cartan (1908), developed as part of Felix Klein’s Erlangen
program (Klein 1872), which are collectively known as Cartan’s ‘method of equiv-
alence.” These techniques have found widespread application in physics, geometry,
optimization, and control theory.® Nevertheless, due to its more technical nature, we

treat this question in the Supplemental Appendix.

Finally, we illustrate that our notion of comparability yields new insights in prob-
lems of applied welfare analysis. We consider a planner selecting between marginal
indirect tax reforms when households’ direct utilities are comparable. By explicit
example, we show that even in simple settings, utilitarian aggregation of comparable
utilities can yield the opposite ranking of two revenue-equivalent reforms relative to
the sum of money metric utilities. The discrepancy arises as the money metric utili-

ties may fail to be comparable, even when constructed using the common, reference

8See, e.g., Karlhede (1980); Gardner (1989); Olver (1995); Gallo et al. (2005) and references

therein.



prices.

2 Related Literature

The question of how to obtain cardinally meaningful, and interpersonally comparable,
utilities is the subject of longstanding literatures, both in economics and philosophy.
For excellent overviews, see Hammond (1991) or Fleurbaecy and Hammond (2004),

and references within.

Social Choice: Arrow (1951) explicitly argues against the possibility of cardinal,
interpersonally comparable utility, leading to his impossibility theorem. This assump-
tion was later revisited (Sen 1970, Sen 1974, d’Aspremont and Gevers 1977, Roberts
1980a,b, Blackorby et al. 1984), who obtain possibility results when various types of
interpersonal comparability are exogenously assumed.” A common critique of this
approach is that it is unclear when such comparisons are justified (Fleurbaey and
Hammond 2004).'"Y While these works study the planner’s problem when presented
with cardinal, interpersonally comparable utilities, it has remained an open question
to establish when, and how, such comparisons are justified. Our contribution is to

address precisely this gap.

A common approach to motivating interpersonal comparability is to restrict pref-
erences to quasilinear or expected utility form (e.g. Harsanyi 1955; Moulin 1985;
Gonczarowski and Segev 2024). From this perspective, our notion of a utility unit
may be seen as generalizing quasilinearity to a far wider range of profiles and settings.
In the Supplemental Appendix, we show comparability is equivalent to the existence
of a global change-of-coordinates which renders a profile simultaneously quasilinear,

with respect to a common numeraire.'!

Classical welfare economics often sidestepped matters of comparability by as-

suming that all consumers share a common underlying preference, possibly differing

9See also, e.g., DeMeyer and Plott (1971) for similar ideas in the context of voting, and Bossert

and Weymark (2004) for an excellent overview of these ideas.
OFleurbaey and Hammond (2004) (p.1271) write “In retrospect, however, the social welfare

functional approach can now be seen to have several quite serious defects. One is the failure to
explain how interpersonal comparisons of utility are to be interpreted, since the informational basis

was assumed to be exogenously given.”
1See Theorem 5.



only in their specific representation (Vickrey 1945; Mirrlees 1971). More modern
approaches include the use of equivalence scales (e.g. Deaton and Muellbauer 1980;
Lewbel 1989) or consideration only of preferences whose behavior admits an exact ag-
gregate, e.g. Gorman (1953)."? Because we allow for nonlinearities in our generalized
numeraires, comparable profiles generally need not have demand behavior consistent
with any representative consumer. Instead, comparability allows one to directly work

with the utilitarian social preference obtained from the sum of the individual utilities.

Welfare Economics: Various approaches exist to constructing normalized utility
functions with particular units of measure. Wold (1944) provides a construction of
a continuous utility function in commodity space which is normalized to be linear
along a particular line segment. Similar ideas appear in the literature on ‘distance
functions’ (Malmquist 1953; Deaton 1979)."* The practical value of these approaches
is discussed in Deaton (1980).

A widely used method in consumer theory relies on the use of reference prices
to obtain money metric representations (McKenzie 1957; Samuelson 1974). Chipman
and Moore (1976); Willig (1976); Chipman and Moore (1980, 1992) study the cardinal
meaningfulness of such metrics in the setting of cost-benefit analysis. While empir-
ically and theoretically attractive (e.g. Deaton 1980; Deaton and Zaidi 2002; Schlee
and Khan 2023), there is limited justification for treating money metric utilities as

interpersonally comparable (Hammond 1991, 1994).1

Extensive Measurement: The theory of extensive measurement (Suppes 1951;
Krantz et al. 1971) is perhaps closest to our approach. It seeks to obtain canonical,
cardinally meaningful numerical representations for orderings, by leveraging algebraic
structure on the space of objects over which measurements are constructed. These
ideas have found recent application in social welfare (Nebel 2023, 2024). Our approach
may be viewed as somewhat dual. Rather than rely on exogenous algebraic structure
on social states to construct a measurement scale, we study when a particular profile of
preferences admits sufficient, common algebraic structure for extensive measurement

to be carried out.

12For an overview of this approach see Section 6 of Fleurbaey and Hammond (2004).
3Debreu (1951) suggests a related measure for quantifying inefficiency.
“Indeed, Samuelson (1974) (p. 1266) calls the utilitarian summation of money metrics for welfare

analysis a ‘perversion,’” and explicitly cautions ‘any such temptation should be resisted.’



Geometry of Preferences & Preference Profiles: Formally, our notion of a
virtual numeraire is a particular type of continuous symmetry of a preference (Tyson
2013; Mantovi 2016). Ok and Riella (2014, 2021) consider symmetries of incomplete
preferences defined on groups, and study their extension properties. Caradonna and
Chambers (2026) highlight the ubiquity of such symmetries in axiomatic work, and

develop a general revealed preference theory for testing them.

An earlier notion of a virtual numeraire was proposed by Caradonna (2024), in
the context of revealed preference theory. Our definition extends the one given there
by allowing for transfers of sufficient magnitudes to be infeasible, providing a more
flexible theory.'®

Our main results concern the simultaneous restrictions imposed by preference pro-
files, rendering them distinct from existing work studying the geometry of individual
preferences (Debreu 1959, 1972; Mas-Colell 1985; Chiappori and Ekeland 1999, 2006).
Recently, Sandomirskiy and Ushchev (2024) apply techniques from convex geometry

to study the aggregation properties of profiles of homothetic preferences.

3 Measurement of Individual Utility

Let X be a d-dimensional, convex, relatively open subset of Euclidean space, rep-
resenting the possible social states, or allocations available to society. We will

assume d > 2. The set of individuals comprising the society in question is denoted

S=1{1,...,5}.

A utility function is a smooth, critical-point-free map u : X — R. Similarly, a
preference relation - is a complete and transitive binary relation on X’ such that,

for some utility function u:

vy = ulz) >u(y),

5However, the theory developed in Caradonna (2024) allows for non-smooth virtual commodities
and is valid in any metric consumption space. Here, we focus on the finite-dimensional smooth
theory to allow for the use of geometric techniques to establish existence results. Part (i) of our
Theorem 1 is also similar to Theorem 1 of Caradonna (2024). However, its proof relies on different
underlying arguments, and it provides a strictly smaller axiom set, relative to Caradonna (2024),

precisely due to this additional analytic structure.



for all z,y € X. We will use > (resp. ~) to denote the asymmetric (resp. symmetric)

components of 7.

We allow allocations in X to be either public or private. Moreover, when alloca-
tions are private, we explicitly allow individuals’ preferences to depend not only on

their own components of the allocation, but also on those of other members of society.

3.1 Virtual Commodities

We now introduce our core technical construction, virtual commodities. Informally,
a virtual commodity consists of a family of transformations, each mapping X — X.
We interpret each function as augmenting an allocation with some fixed quantity of
a nonlinear composite commodity. However, as X itself may be bounded, not every

allocation can be endowed with arbitrarily large quantities of additional commodity.

A commodity domain is an open set D C X x R such that, for each x € X', the
set:
D@ = {t: (z,t) € D}

is an open interval containing zero. A smooth map ¢ : D — X is a transfer function
if, writing ¢;(x) for ¢(z,t), for all z € X both (i) po(z) = =, and (ii) t; € D® and

ty € D) implies ¢y, 14, () is well-defined, and ¢y, (o1, (%)) = @p 44, ().

A virtual commodity is a pair (D, ), where D is a commodity domain, and ¢
a transfer function, which is maximal.'” For any t € D®), we interpret the allocation
¢:(r) as o plus t units of the virtual commodity; the set D) reflects the amounts of
commodity that can be feasibly added to, or subtracted from, x. Thus, condition (i)
simply requires that adding no units of commodity not affect any allocation, while
(ii) is a mild, path-independence property, stating that adding ¢, units of commodity,
to the allocation consisting of x plus ¢; units, is equivalent to adding ¢; + ¢ units to

xz all at once.

Finally, given any virtual commodity ¢, its generator is the vector field:

o) = S,y

6By well-defined, we mean that (t; +t2) € D)
17That is, there exists no commodity-domain/transfer-function pair (D', ') with D C D’ and

o =¢'|p.



The vector ¢(z) describes the perturbation at x € X corresponding to adding an

infinitesimal additional quantity of commodity.

Example 2. Suppose X = Ri + consists of all bundles of positive quantities of d
consumption goods. Any of these d goods may be expressed as a virtual commodity.
For example, the map:

oi(x) =2+ (t,0,...,0)

8 Here, applying the

represents the horizontal-axis good as a virtual commodity.'
transformation ; to some bundle z, augments it with ¢ additional units of commodity

one, and the generator ¢(z) = [1,0,...,0]T for all z € X.

However, virtual commodities are significantly more flexible, and allow for non-
linear transfers. For example, ¢ (z) = e'z, with D = R%, x R, defines a virtual
commodity, where ¢(z) = z. Here, ‘adding’ ¢ extra units of commodity instead

proportionally scales the bundle z by the scalar e. [ |

3.2 Measurement of Individual Utility

A virtual commodity (D, ¢) is a virtual numeraire for a preference - if it satisfies

the following pair of axioms.
(N.1) Invariance: For all z,y € X, and t € D@ N DW:
rZy = @) Zely)

(N.2) Monotonicity: For all # € X, and t € D®):

Invariance (N.1) says that adding some common quantity of numeraire to two al-
locations does not affect the preference between them. It rules out cases in which
adding the same quantity of commodity to each causes the preference between them

to reverse. Monotonicity (N.2) says the virtual commodity is a good.

18The relevant commodity domain is defined by D) = (—x', 00).

10



Figure 1: Two sequences of the form (4), of length one. The virtual numeraire ¢ provides a
measurement scale for quantifying the intensity of the preference y > x. A utility is denominated in

 units whenever the total transfer, along any such sequence, equals the utility difference.

Suppose that (D, ¢) is a virtual numeraire for a preference 77, which is represented
by some utility function u. We say that (D, ) is a utility unit for u if, for all
(z,t) € DV

u(pi(z)) = u(z) +t. (3)

In such cases, willingness-to-pay, denominated in ¢ terms, provides an exact proxy
for utility differences. For example, if for any z and y, there exists 2/ ~ z, t € D),
such that y ~ ¢;(2'), then by (3) it must be that ¢t = u(y) — u(z). More generally, as
our next proposition shows, every x and y are related by a finite sequence of transfers

of this form, whose sum uniquely determines u(y) — u(z).

Proposition 1. Let (D, ) be a virtual numeraire for 7. Then for any x,y € X,

there exists a finite sequence (x1,t1),..., (K, tx) € D such that:

T~ T, s%(xl) ~ To, - SOtK,l(JEK—l) ~ T, Pig (ﬂiK) ~Y. (4)

Moreover, if (D, ) is a utility unit for some representation u, then for any such

sequence, u(y) — u(z) = Sor_ tr.

Thus, when ¢ is a utility unit for u, we may regard each transformation ¢; as a
‘t-util’ measuring stick; see Figure 1. By Proposition 1, these allow for rich enough

measurements to capture the utility difference between any pair of allocations.

90ur restriction to virtual numeraires here is without loss of generality. If a virtual commodity

satisfies (3), it necessarily satisfies (N.1) and (N.2) for the underlying preference.

11



Our first main result establishes two basic facts. The first is that every virtual nu-
meraire for a preference on X is a utility unit for some choice of representation. Thus
the collection of relative intensity measurements, captured by the virtual numeraires
for a given preference, is no richer than the set of utility differences generated by its

possible representations.

The second is that, conversely, for any preference =~ and choice of representation
u, there exists a virtual numeraire for 77 which satisfies (3) for w. Thus, virtual
numeraires yield a sufficiently rich theory of measurement to capture the utility dif-
ferences arising from any choice of representation, for any preference. Together, these
imply the selection of some virtual numeraire for a preference may be regarded pre-

cisely as a choice of ‘util,” or measurement unit for utility.
Theorem 1. Let = be a preference on X. Then:
(i) Every virtual numeraire for 77 is a utility unit for some choice of representation.

(i) For any utility representation of 7, there exists a virtual numeraire which is a

utility unit.

Moreover, two representations of = share a common utility unit if and only if they

differ by an additive constant.

Theorem 1 shows virtual numeraires satisfy the basic desiderata for any notion of
cardinal utility unit. For any preference, fixing a choice of virtual numeraire identifies
a unique (up to an additive constant) representation satisfying (3). In this sense, such
commodities precisely capture the measurement unit for utility, rather than speaking

to any means of quantifying utility level (Krantz et al. 1971).

Critically, virtual commodities may be defined without reference to any prefer-
ence. In this sense they are objective units of measure, external to the ordinal (or
cardinal) assessments made by any individual. Thus, rather than thinking of the
property of being numeraire for a given preference as an attribute of a commodity, it
is perhaps more accurate to view the commodity as primitive, and (N.1) and (N.2)

as characterizing when a preference is suitably ‘measurable’ with respect to it.

Example 3. Consider a finite set of prizes, Z, partitioned into two sets, G and

B, reflecting good and bad outcomes. Individuals are assumed to have preferences

12



defined on X = int A(Z), i.e. full-support lotteries over these prizes, which can be
represented by:

w(p) =1In (;%) +v* (PG, B);

where p(G) and p(B) denote the probabilities of the events G and B under p, and pg
and pp the probabilities conditional on these events. Thus each utility «® is the sum
of the log-odds of receiving a non-disappointing prize, plus an arbitrary function of

the conditional probabilities, ps and pg.

Despite there not existing any physical commodities in this environment, the
virtual commodity:

et-]ljegpj
p(B) + ep(G)’

defines a common virtual numeraire. Here, ‘adding’ additional commodity shifts mass

vl(p) = j€GUB,

away from the disappointing prizes in B, to the more desirable outcomes in GG, while
preserving the conditional probabilities pg and pg. In particular, every u® satisfies
(3), and hence treats ¢ as a common utility unit. |

An important caveat is that any fixed utility representation admits infinitely many
possible units. For example, when X = R? and u(z!,z?) = a! + 2%, any vector

A= (A, \?) with A + A\? = 1 defines a utility unit for u, via:
D=R® and ) =x+1t\

Thus while Theorem 1 tells us that fixing a choice of representation dramatically

reduces the possible utility units, it does not provide exact identification.?

4 Interpersonally Comparable Utility

Suppose now that (u!,... u®) is a profile of utilities. We will say these utilities are
interpersonally comparable if there exists a common utility unit, i.e. a virtual
commodity (D, ¢) such that, for all s € S and all (z,t) € D,

u (o)) = u’(z) + ¢

29However, by Theorem 1, a virtual numeraire can be a utility unit of two representations u and

v of some 7 if and only if u = v + ¢ for some constant c¢. Thus fixing u as a choice of representation
rules out those virtual numeraires which satisfy (3) for any nonlinear (indeed, non-translationary)

monotone transform of wu.

13



When such a commodity exists, each utility «* may be regarded as being denominated

in the same objective measurement unit, the numeraire good .

We interpret the property of being interpersonally comparable as indicating that
it is rationalizable, or internally consistent, for a social planner or policymaker to
treat the profile of utilities as denominated in a common measurement unit. This
provides justification for comparing the magnitude of the gains of some members of

society against the losses of others, as captured by these utilities.

An immediate consequence of this definition is that not all utilities are interperson-
ally comparable. For example, by Theorem 1, if society contains two individuals with
the same underlying preference, but whose utilities differ by a nonlinear monotone
transform, the resulting profile cannot be interpersonally comparable. Intuitively,
such a pair of utilities cannot be rationalized as being denominated in any common

measurement unit.

Interpersonal comparability also yields ordinal implications.?! If society’s under-
lying preferences are too heterogeneous, interpersonal comparability can fail for every
profile of representations. For example, if at some allocation x, the intersection of all
individuals’ strictly preferred sets {2’ € X : 2’ >=* z} is empty, no virtual commodity
can satisfy (N.2) for every preference, and hence no common virtual numeraire can
exist.”? Thus, given sufficiently detailed information about subjects’ preferences (or

utilities), the hypothesis that a profile is interpersonally comparable is falsifiable.”?

Finally, we note that comparability is a cardinal property. When a profile (u!, ... u®)
admits a common unit, even if an identical, strictly increasing transform is applied
to each utility, the resulting profile will generally not be interpersonally compara-
ble. The following proposition characterizes the tuples of monotone transforms which

robustly preserve comparability.

Proposition 2. Suppose S > 2, and let f = (f',..., f%) be a tuple of smooth,
strictly increasing, and critical-point-free transformations. Then f has the property

that (froul,..., f5 ou¥) are interpersonally comparable whenever (ul,... u®) are,

21See also Appendix H.
22This is closely related to various domain and profile restrictions in social choice, see Kramer

(1973); Chichilnisky and Heal (1983); Dhillon and Mertens (1999).
23In the case of a preference profile, we take feasibility to mean the existence of some profile of

representations that is jointly comparable.
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iof, and only if:
[ (t) = at + 5, (5)
fora e R,y and B° € R, forall s € S.

4.1 Comparability & Arrovian Aggregation

How ought a planner synthesize a profile of comparable utilities into an aggregate,
social ranking? Relative to much of social choice, which supposes an unrestricted
domain (see, e.g. Bossert and Weymark 2004), as noted above, comparability restricts

the set of allowable profiles.

Let U denote all profiles of utilities (u!, ..., u”) on X, and C C U the sub-collection
of comparable profiles. A social welfare functional F' is a mapping from U to P, the
set of preference relations on X. For fixed F' and any u € U, we denote the preference

F(u) via »=,, with asymmetric component >,.

Following Sen (1970), a social welfare functional is able to rely on cardinal informa-
tion about utility differences, both intra- and interpersonally, though not information

about utility levels, when it satisfies the following axiom.?*

(CUC) Cardinal Unit-Comparability: For any profile (u,...,u%) € U, and any
a>0,3¢eRS:

F(u',...,u”) = Flau' + 8%, ... au® + B%).

By definition, if v € C, it is meaningful to make comparisons of the form:

/

w(z) — u(y) > u” (@) — o

(¥, (6)

for any s, € S and any x,2',y,y € X, as by Proposition 1, the quantities on
each side of the inequality can be expressed in terms of the common utility unit, .

Conversely, (CUC) says that when a profile of utilities is scaled by a common factor

24In contrast, the case of Arrow (1951), where F' is able to only rely on ordinal information, can
be captured by requiring that for any (u',...,u%) € U, and any tuple (f',..., f¥) of increasing
transforms:
F(flou',...,f%0u®) = F(u,... u%).
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a > 0, or shifted by individual quantities /3%, the induced (ordinal) ranking over
social alternatives must remain unchanged. By Bossert (1991), such transformations
are precisely those which preserve the inequalities (6). Thus, for a social welfare
functional defined over comparable profiles, (CUC) simply encodes the requirement
that the planner use only those measurements which can be constructed using ¢, i.e.

(6), and nothing more.

Apart from (CUC), we consider a planner who is otherwise Arrovian, that is, who
satisfies the social welfare functional analogues of the axioms of Arrow (1951). Our

treatment here follows d’Aspremont and Gevers (1977).

(ITA) Independence of Irrelevant Alternatives: For all z,y € X', and any u,v €
U, if u(z) = v(x) and u(y) = v(y), then x =, y if and only if = =, y.

(SP) Strong Pareto: For allu € U and z,y € X, u®(z) > u*(y) for all s € S implies

x =, y. If, in addition, at least one comparison is strict, then z >, ¥.

(A) Anonymity: For any permutation o of S, and any u € U, F(u},...,u%) =
Fue® .. u®®),

Our next result shows that, restricted to comparable profiles, an Arrovian social

planner who satisfies (CUC) is necessarily utilitarian.*

Theorem 2. Suppose F' : C — P is a social welfare functional for comparable profiles.
Then F satisfies (CUC), (IIA), (SP), and (A) if and only if:

vy = Y ule) =) u(y),

seS SES

forall x,y € X and u € C.

Methodologically, the proof of Theorem 2 follows closely that of d’Aspremont and
Gevers (1977). The key difference is that, rather than proceeding from an unrestricted
domain, we consider only comparable profiles of smooth utilities, and likewise require
the resulting social preference to admit a smooth and critical-point-free representa-

tion.

Relative to the social choice literature, the novelty of Theorem 2 is in its use of

our notion of comparability to justify the assumption of unit-comparability, rather

ZNote that both (CUC), via Proposition 2, and (A), remain well-defined restricted to C.
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than imposing it exogenously.?"

This provides a conceptual basis for interpreting the
sum of these utilities as an ethically meaningful quantity.?” However, our definition of
comparability presents a wrinkle—not all profiles are comparable. Thus Theorem 2
serves to verify that the classical characterization of utilitarianism remains valid,

despite this restriction.

4.2 A Characterization of Comparability

Suppose the planner observes a profile (u!,... , u%) € U. At any z € X, let r°(2)

denote the rank of the d x S matrix whose columns are the gradients of each u*:
7 (x) =rank ... Vus(z) -] . (7)

We say that the profile has constant rank if r¥(z) is constant. This is a mild regular-
ity condition which rules out singularities where the dimension of the space spanned
by the normal vectors of the underlying indifference surfaces changes discretely. For

any profile, the set of allocations at which 7°(x) is locally constant is always open

and dense in X.%®

Theorem 3. Suppose that (u',...,u%) has constant rank. Then the profile is inter-

personally comparable if, and only if, for all x € X':

0 €Aff{Vu1(x),...,VuS(x)}. (8)

Theorem 3 provides a simple, geometric characterization of when a constant-rank
profile is interpersonally comparable: the affine hull of the gradients of each utility
must never contain the zero vector. This serves as a straightforward test for verifying

the comparability of a given profile.

268ee, e.g., discussion in Fleurbaey and Hammond (2004).

27 A long-standing critique of utilitarianism is that, absent some notion of utility unit, it is unclear
why any particular tuple of representations should be singled out for aggregation. Arrow writes:
“I’d like to be utilitarian but the only problem is I have nowhere those utilities come from. ... What
are those objects we are adding up? I have no objection to adding them up if there’s something to
add.” (Kelly and Arrow 1987, p. 59). Our notion of comparability provides a theoretical basis for

ensuring such sums are meaningful.
28Gee, e.g., Lee (2012) Theorem 4.14.
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By the Fredholm alternative (e.g. Gale 1989, Theorem 2.5), (8) holds precisely
when, at each allocation x € X, there exists some vector whose dot product with
every gradient is equal to one. Such a vector may be regarded as a choice of common,
‘infinitesimal numeraire’ for the profile at z. By smoothly selecting such a vector at
each allocation, we obtain a vector field which is the generator ¢ of some common

utility unit, .

In Appendix G, we provide a complementary description of comparable profiles.
We show a profile (u!,...,u") is comparable, with common unit ¢, if and only if
there exists a global change of coordinates on X' which (i) simultaneously renders
each u® quasilinear, with respect to a common numeraire good, and (ii) maps each
transfer function ; into a translation along this numeraire’s axis. Thus our notion of
comparability may conceptually be regarded as simply requiring quasilinearity, but

only up to change of coordinates.

5 Existence of Common Numeraires

Suppose a planner observes only a preference profile (!, ..., =%). For any choice of
common virtual numeraire, Theorem 1 guarantees the existence of a unique profile
of comparable representations, up to individual additive constants. By Theorem 2,
these uniquely identify the social preference chosen by an Arrovian planner.?’ Thus
when multiple common numeraires exist, there may be multiple, equally justifiable

utilitarian social preferences.

We consider a social planner who is selecting among small policy shifts from a
status quo allocation. Such choices may be viewed as determining the direction of
reform.” We will seek to determine whether any, and if so, how many, profiles of
comparable representations exist, locally about the status quo, for a given preference
profile. This, in turn, characterizes the range of valid utilitarian objectives such a

planner could entertain, when faced with only ordinal information.

29Tn particular, the additive constants have no effect on the resulting social preference.
30Such problems of local welfare analysis have a long history in economics, including in welfare

economics, cost-benefit analysis, and optimal taxation; see, for example, Guesnerie (1977); Milleron
(1970); Arrow and Lind (1970); Radner (1993). Recent contributions include Saez and Stantcheva
(2016), Schlee and Khan (2023), and Sher (2024).
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For ease of exposition, we illustrate our results in the special case of profiles
which admit a particular kind of locally separable representation. More generally,
in Appendix H, we provide a complete description of the set of common, local vir-
tual numeraires, for general profiles. This fully characterizes all possible utilitarian

objectives for problems of local welfare analysis.

Suppose, then, that z( is some status quo allocation, and there exists a subprofile
of preferences (=, . .., %) such that, for some (hence any) choice of utilities, the
gradients of the first d representations are linearly independent.’® We say such a
subprofile admits a locally separable representation if there exists some neigh-
borhood N of zg, utility representations v!,... v% and v+, of =1 |, ..., =4 |y,
and vector A € {—1,1}¢, such that:

d

vt (z) = Z No'(z), 9)

i=1

for all x € A. In such cases, we may view the locally defined utility v*! as an

additively separable function, but of the first d utilities, rather than the original

coordinates on X.

When d = 2, such a subprofile admits a separable representation precisely when
the three families of indifference curves, corresponding to each of the three preferences,
satisfy the hexagon condition of Debreu (1959) on some neighborhood of xy. When
d > 3, the existence of a locally separable representation is characterized by a simple

modification of Theorem 1 of Goldman and Uzawa (1964).

Our next result characterizes the set of common, local numeraires for any such
subprofile. Since any common numeraire for the full profile must also remain so for
any such subprofile, this ensures all possible common numeraires belong to a simple,

parametric family.

Theorem 4. Suppose that (=1, ..., =% admits a locally separable representation
(9) on some connected neighborhood N of zo on which v(z) = (v!(z),...,v%(x)) is

smoothly invertible. Then a virtual commodity @ on N is a common virtual numeraire

31By possibly relabeling our original profile, we may suppose this subprofile consists of the first

d + 1 preferences.
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if and only if:

at _ 1 av(z)+b>0
¢ b) and (z)

pulw) =v" (e o)+ A~ (av(z) +b) >0,

for scalars a,b', ..., b% and all x € N3

Theorem 4 shows that, when some subprofile admits a locally separable repre-
sentation, every common, local virtual numeraire is constrained to take on a simple,
parametric form. More generally, when (9) holds on N' = X, it fully characterizes
the subprofile’s common numeraires, providing a parametric representation for any
common numeraire of the full profile. It also provides a simple description, for any
valid choice of parameters (a,b!,...,b?), of the comparable profile denominated in

that choice of unit.

Corollary 1. For parameters (a,b*, ..., b%) defining a common numeraire, the unique,

normalized, comparable representations with this unit are given by:

1 av(x)+b
2 In <W> a 7£ 0
BENIES a=0

u'(z) =

foralli=1,...,d+ 1, where bt = \-b.

For many classes of preferences, existence of a subprofile admitting such a repre-
sentation is simply a matter of society being large enough. In such cases, Theorem 4
describes the common numeraires of any sufficiently diverse profile. Examples include
Cobb-Douglas preferences over consumption bundles, and expected utility preferences

over lotteries.

Example 4. Suppose X = R, 2 = (1,1), and let (2!, 2%, Z°) be represented by
Cobb-Douglas utilities:

@2t 2%) = (@) @) and @t a?) = (@) (@)
for i = 1,2, where we assume that 0 < o' < 3 < a? < 1. By direct calculation:

Ina® =~ Ina' ++*Ina?,

32When a = 0, we define ¢, to be v (v(z) + bt).
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where ! = % and 72 = % Thus we may take v = 7% Ina’, for i = 1,2, and
v3 = vl +0%. By Theorem 4, every common, local virtual numeraire ¢ takes the form:

o) =0 (e oo+ S ),

a

subject to the positivity constraint ay*Ina’ + b* > 0 for all 4+ = 1,2.% Since we
have a separable representation globally, Theorem 4 characterizes globally-defined
numeraires. Now, because In @’ takes on every real value, this positivity constraint

forces a = 0. Thus, every globally-defined common numeraire takes the form:

where ¢! and ¢? depend on the choice of b > 0.** By Corollary 1, the normalized,
comparable utilities associated with any such choice of parameters are:
i 11, 1 270 0,2
4 o yInu +v°Inu
u'=-"-Ina', i=1,2, and u’=
b bt +b?

Thus the planner should not use the sum of the original Cobb-Douglas utilities u® as

an objective, as these fail to be comparable. Instead, they should maximize the sum
of the comparable representations u* or, equivalently, maximize the Nash product of
the Cobb-Douglas utilities, with weights reflecting the particular choice of numeraire,

as determined by the parameters b. [

5.1 Non-Separable Profiles

The existence of a separable profile ensures the problem of finding a common, local
numeraire takes on a rigid, linear form. Given a representation (9), by considering
the local utility possibility space v(N), rather than A itself, the indifference curves
of all d + 1 preferences become hyperplanes. In (v!, ..., v%)-coordinates, Theorem 4
simply says a virtual commodity is a common numeraire precisely when its generator
has the form:

o(v) = av +b.

33Here, since o' < 8 < a?, A = (1, 1) hence the final constraint \ - (av(z) + b) > 0 is redundant.
34 Concretely:

(el (atpl/yt ety el
c = 1 Cc = .

a2 — ol a2 — ol

These may be obtained by explicitly computing the inverse v—!.
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Conversely, when no subprofile admits a locally separable representation, deter-
mining the existence of common numeraires is governed by an overdetermined system
of partial differential equations. In general, no solutions to these equations exist un-
less the system satisfies particular integrability, or compatibility conditions. Using

geometric techniques, we characterize the solution set of such systems in Appendix H.

This provides criteria not only for determining the set of local numeraires for a
given preference profile, but also for obtaining necessary and sufficient conditions on
families of profiles, for the existence of some tuple of comparable local representations.
For example, when X = Ri +, we show that a profile of preferences represented by

utilities of the form:
W) =a', i=1,23 and u(z)=f(a'+2%) +a%,

for some smooth, increasing and strictly concave f, admits a common numeraire if,
and only if, f is additionally the Bernoulli utility of a HARA expected utility function
(Merton 1971).3°

6 Examples & Applications

6.1 Aggregation of Expected Utility Preferences

Theorem 2 shows that, when presented with a comparable profile of utilities, an
Arrovian planner will aggregate them linearly. However, as noted, when only a profile
of ordinal preferences is observed, there may be multiple, distinct, comparable profiles
of representations, each corresponding to a different utility unit. This can lead to

multiple, equally valid choices of objective for such a planner.*°

One notable example is the case of expected utility preferences. Indeed, many of
the most common, and well-known approaches to aggregating such preferences (e.g.
Harsanyi 1953, 1955; Kaneko and Nakamura 1979; Dhillon and Mertens 1999) all arise
as utilitarian aggregation of comparable profiles, differing only in their implicit choice

of numeraire unit.

35Moreover, when non-empty, the set of local numeraires always depends smoothly on exactly

three parameters. We prove this in Appendix H.
36See Sen (1970) for a discussion.
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Let Z C R denote a finite set of monetary prizes, and suppose that X is the
interior of the simplex A(Z). Let (=%,...,72%) be a profile of monotone expected
utility preferences on X'. We will denote the highest prize in Z by z* and the lowest

by z,. Finally, let (@!,..., %) denote any profile of expected utility representations.

Common virtual numeraires for such profiles can take several forms. Suppose
v € RZ is any zero-sum vector such that p+~ =° p for some p € X and every s € S.
Then any translation commodity, ¢;(p) = p + tv, defines a common numeraire.*’

The unique, comparable utilities denominated in this unit are:

up to individual additive constants.

In this case, Theorem 2 calls for the planner to maximize a weighted sum of
the expected utilities 4°, as in Harsanyi (1953, 1955). Our results clarify that the
indeterminacy of the weights is a consequence of the fact that, in general, there
are many possible, valid choices of translation direction v, and the social weights

1/(Vu® - v) depend upon the particular selection.®®

In the special case when ~y is proportional to d,- — ¢,,, the comparable profiles are
still of expected utility form. However, now the range of each u* is an open interval
of common length.?” As a consequence, the utilitarian sum of comparable utilities is,
up to an affine transform, equal to the objective of a relative utilitarian (Dhillon and
Mertens 1999).

Alternatively, defining ¢;(p) = e'p + (1 — €')d., also yields a common numeraire.

Here, ¢, corresponds to a dilation about the least-desirable prize, d.,.*" As a conse-

3THere, for any lottery p, the interval D® is simply:

(s, (), (5))
max , min .
{i:y; >0} Yi {i:7: <0} Yi

Since «y is zero-sum and not identically equal to zero, the max and min are taken over non-empty

sets.
38GSee also Mononen (2025) for more discussion.
39Concretely, if o;(p) = p + te(d,« — d.,), for some 0 < € < 1, then:

t =u(pe(p)) — u'(p) = u* (p+te(d.x —8.,) — p) = te[u(d.+) — u(8..)],

hence the range of each u*® is an open interval of length 1/¢, for all s € S.
40The associated commodity domain is defined by D) = ( — 0o, —In(1 — p.-)).
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quence, the comparable profiles are no longer of expected utility form. Instead, they
are given by u*(p) = In (ﬂs (p) — ﬂs(éz*)), up to individual additive constants. In this
case, Theorem 2 then calls for maximizing the Nash social welfare function (Kaneko
and Nakamura 1979).

Thus, despite these methods of aggregation admitting distinct, independent ax-
iomatizations, we find each arises as a special case of utilitarianism of comparable
profiles. In light of Theorem 2, this provides a novel, transparent, and unifying ax-
iomatic description for each of these theories. In particular, our results clarify, and

justify, the precise role that interpersonal comparisons play in each.*!

A frequent critique of expected utilities in social choice is that this selection of rep-
resentation is arbitrary, without ordinal justification (Arrow 1951; Sen 1976; Roemer
2008; Weymark 2005). One implication of our results is that (normalized) expected
utilities, and their logarithms, occupy a privileged position as among the only inter-

personally comparable profiles, whereas more general monotone transforms are not.

In light of this, a natural question is whether there exist other methods of ag-
gregation, corresponding to non-translationary, or dilationary, numeraires.*> For any
sufficiently rich profile, we now show that these two types of numeraire, and their
combinations, are the only possibilities.

Suppose there exists a locally separable subprofile, (=1, ..., =%1).  Any such

representation (9) holds globally, where each v%, i = 1,...,d+ 1 is an expected utility
function. Without loss of generality, we may normalize each so that v*(d,,) = 0. Then

by Theorem 4, every common virtual numeraire for this subprofile is of the form:

pi(p) = v (e“t'v(p) i 16),

a

d

where av(p) + b > 0, for the parameters a,b',...,b%. When a = 0, every such

numeraire is a translation:

ei(p) = v (v(p) + tb) = p+ty,

41This has been the subject of extensive debate, e.g. Harsanyi (1975); Sen (1976, 1977); Roemer
(2008); Weymark (2005).
42Equivalently, do there exist other profiles of comparable representations, beyond normalized ex-

pected utilities and their logarithms, which can be summed to obtain new forms of social preference.
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as v is affine. In this case, Corollary 1 confirms that the comparable representations
are indeed of expected utility form. If instead b = 0, then ¢, is a dilation about 9, _,

ei(p) = v (e"v(p) + (1 — e™)v(0s,)) = e¥p+ (1 — e™)d..,

as each v' is affine, and v*(d.,) = 0. Here, as noted above, the comparable profiles are
the normalized logarithms of the expected utilities v*. Thus the only other common
utility units are precisely those ¢ that are of ‘mixed’ form, consisting of both a dilation

and translation.

In particular, any general, interpersonally-valid method of aggregating expected
utility preferences must rely on comparisons denominated in a common unit of the
above form. The sum of expected utilities, and the Nash social welfare function,
correspond to the two extremal cases (either a or b equal to zero) within this class.
The full parametric family of possible approaches is then obtained simply by summing

utilities given in Corollary 1.

6.2 Tax Reform

A large literature studies the direction of marginal tax reform under revenue, feasibil-
ity, and distributional constraints (Guesnerie 1977; Tirole and Guesnerie 1981; King
1983; Ahmad and Stern 1984). More recent work provides necessary and sufficient
conditions for the existence of Pareto-improving tax reforms (Bierbrauer et al. 2023)
and studies the properties of generalized welfare weights incorporating non-utilitarian
criteria (Saez and Stantcheva 2016; Sher 2024).

Our theory of comparability supplies an alternative foundation for the household
welfare gradients entering a tax-reform problem. Rather than suppose that money is
itself an interpersonally valid unit, or introduce household-specific welfare weights on
the basis of external considerations, we suppose households’ direct utilities possess a
common measurement unit (D, ). This allows us to meaningfully compare house-
holds’ marginal utilities of income and, given this common unit, Theorem 2 justifies

aggregating utility changes linearly.

Let X = R%,. A market state is a tuple (p',...,p%w',...,w®) > 0, which
we denote by (p,w). Suppose that each household’s direct utility u® : X — R is

comparable, with common utility unit (D, ¢). We will assume that at every market
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state, each household’s Marshallian demand z°(p,w®) belongs to X, i.e. is strictly
interior. Finally, let v*(p, w*) = u*(2*(p,w*)) denote the indirect utilities associated

with the comparable utilities u°.

For simplicity, we consider proportional price reforms. Given some status quo

market state (pg,wy), a vector a € R? defines a price path via:
p'(t) = péeta’i, i=1,...d,

thus a positive a’ corresponds to a proportional increase in the price of the ith com-

modity. Define the price-exposure of household s as the vector:

- = o800} (10)
¢(23) - o
where x = x*(po, w§). Thus, for any household, the first-order effect of a price reform

a is given by:
S a S S S
h*(a) = 0% (p(t), wg)| = —p-a.
ot —0
These quantities admit meaningful interpersonal comparisons. To see this, by dif-
ferentiating both sides of (3) at xf with respect to t, and evaluating at t = 0, we
obtain ¢(zf) - Vu®(xf) = 1, and hence, by plugging in the first-order condition from
the household’s utility maximization problem at (pg, wp):
1
)\S(p(bws) = T\
’ ¢(x3) - po
where by the envelope theorem, \* denotes the marginal utility of wealth. Thus the
numerator in (10) is simply the vector of household expenditures at the status quo,
and the denominator is the dollar cost, at prices pgy, of an infinitesimal unit of the
common numeraire. Thus the vector p® reflects expenditures denominated in the

common utility unit ¢.

This can yield new insights relative to standard means of computing the impact
of a reform. For example, even in simple circumstances, a reform selected on the
basis of common-unit utilitarianism may differ significantly from, e.g., the reform

that maximizes the sum of money metrics.*?

43This is conceptually distinct from, e.g., equity concerns arising from the general non-concavity

of money metric sums; see Schlee and Khan (2023) and references therein.
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Example 5. Suppose X = R% | and there are three households, with utilities:

@ (x) = (VOoz! + /(1 = 6°)22)7,

where 0 = (.2, .5,.8). For any p > 0, the expenditure functions associated with these

u® are given by: }

u

05 | 1-0°"
P

e (p. ) =

Fix the reference price vector p = (2,1). The corresponding money metric utilities,

in these reference prices, are then:

m () = (2_293)@3@)-

By direct calculation, the m® may be seen to be incomparable.”* However, the nor-

malization u®* = Inm?® are straightforwardly comparable, under the radial numeraire
oi(x) = el

Suppose the status quo market state is given by po = (1, 1), and wy = (1,1,2). At
the status quo, each household’s demand zf = 0w, (1 — 6°)w§, and hence aggregate

status quo demands are @) = (2.3,1.7). Consider two indirect policies which affect

the market through proportional price changes:

10 10
a = <%,O) and of = (0,1—7>.
Each reform raises one unit of revenue, up to first order.*> Now, under ¢,
hf(a) = —0%a* — (1 — 6%)a?,

thus the utilitarian welfare under ¢ of each policy is given by:

3

. 15 . 15

E h (GA) = —% and E h (CLB) = —ﬁ,
s=1

and hence the planner would select policy A. Conversely, at the status quo, the money

_2_

2_95)w8, hence the marginal utility of

metric utility of each household is m®(z§) = (

4“4For example, at 7 = (1, 1), the gradients satisfy 6Vm!(z) — 9Vm?(z) + 4Vm3(z) = 0, implying

the zero vector belongs to their affine hull. Thus by Theorem 3 they are not comparable.
DThat is, Q-a? =1=Q - a”.
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wealth of each household is (2—2W) Thus the first-order money metric welfare effect

is given by:

B (a) = — (;_L%) (0°a + (1 — 6°)a?)

Summing these across households yields a criterion which instead selects policy B.*0

However, the money metric sum which generated this conclusion is incoherent. There

S

is no way to rationalize the welfare units h} .

as denominated in any common unit.
This highlights a novel insight arising from our notion of comparability: even common-
reference-price money metric utilities may fail to be comparable, leading to judgment
reversals relative to the comparable-utilitarian benchmark. This shows that any char-
acterization of the sum of money metric utilities (e.g. Bosmans et al. 2018) necessarily

requires the introduction of external, normative considerations. [ |

7 Conclusion

This paper develops a theory of objective measurement units for utility. We have
shown that our theory is rich enough to provide an appropriate measurement unit
for any choice of representation of any preference, and conversely that any virtual
commodity which is, in our generalized sense, a numeraire for a preference is the

utility unit for some unique (up to additive constant) choice of representation.

Given that virtual commodities can be defined objectively, without reference to
any preference information, it is meaningful to ask when a given commodity is a util-
ity scale for a profile of utilities. This gives rise to a natural notion of interpersonal
comparability: a profile of utilities is comparable precisely when they can be rational-
ized as denominated in a common unit. In such cases, we show an Arrovian planner

will always choose to maximize the sum of these utilities.

This both unifies and extends many existing results on aggregation and welfare.
For example, we show that each of the most widely-studied methods of aggregating

expected utility preferences arises as utilitarian aggregation of comparable profiles

46Here,

3 3
320 200
s A ~ S By _ ~ _
;:1 hyon(@®) = ~507 % —1.55  versus 8211 hyon(a®) = 153~ 1.31.
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of utility representations. In particular, the differences in these approaches all arise
purely due to different choices of implicit utility unit. However, our results also hold
for general profiles of smooth preferences, significantly extending these ideas beyond

the context of risk.

Our results suggest numerous questions for further inquiry. For instance, our
notion of common utility scales provides a natural framework for considering inter-
dependent preferences, where subjects care not only about their direct allocation,
but also those of others. This suggests a pathway to studying ordinal preference
profiles which admit representations reflecting phenomena such as altruism, envy, or

inequality aversion.

It also provides means of determining which aggregate, ordinal welfare criteria
admit meaningful cardinal extensions. For example, while envy-freeness is a black-
and-white ordinal property, comparability allows for shades of gray, quantifying the
magnitude of aggregate envy induced by an allocation. Such ideas may also be of use
in developing general inefficiency-bounding theorems, such as those in Gonczarowski
and Segev (2024). We leave the development of these and other ideas to future

research.
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A A Flow Lemma

Virtual commodities, as defined in Section 3.1, simply correspond to maximal flows
on X (see Chapter 9 of Lee 2012 for formal definitions). This gives rise to a one-to-one

correspondence between virtual commodities (D, ), and their generators, ¢.

Lemma 1. Every virtual commodity admits a unique generator, and conversely, any
vector field on X s the generator of a unique virtual commodity. Moreover, every

virtual commodity (D, @) satisfies:

(i) For any x € X, if t € D), then:

ple@) — p@ ¢ — {t —t:¢ e DD}

(ii) For allt € R, the set Xy = {x € X : (x,t) € D} is open in X, and the map ¢,

s a diffeomorphism X; — X_;, with inverse p_y.

Proof. See Lee (2012), Theorem 9.12. O

B Proof of Theorem 1

Proof. We first prove claim (i). Suppose 77 is a preference, and (D, p) is a virtual
numeraire for it. We will show there exists some representation v of 7~ which sat-
isfies (3). Since 77 is a preference, it admits some smooth, critical-point-free utility

representation v : X — R.
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Suppose z ~ y. By (N.1), for any t € D N DY, we have u(p:(z)) = u(p:(y)).
Differentiating both sides and evaluating at t = 0 yields ¢(z)-Vu(z) = $(y) - Vu(y) >
0.%" Since = and y were arbitrary points belonging to a general level set, there exists
some smooth function h : range(u) — Ry such that ¢(z) - Vu(z) = (howu)(x). Fix
any ¢ € range(u). Then, defining H : range(u) — R via:

7 1
H(Q)Z/q @dﬁ

yields a strictly increasing, critical-point-free map. But by the chain rule:

1

¢(w) - V(H o u)(2) = H'(u@)p(e) - Vu(a) = moses

o(x) - Vu(z) = 1.

Thus v = (H ou) represents 7, and has constant X-directional derivative equal to

unity. Therefore:

v(p(a)) :'U(x)—i—/o (@-V’u)]%(x) dé“:v(x)jt/ 1dé = v(z) +t,

0

and hence v satisfies (3) as desired.

We now prove (ii). Toward this end, let v be an arbitrary utility representation of
7. It suffices to exhibit a virtual commodity (D, ¢) such that u satisfies (3). Consider
the vector field F'(z) = Vu(:p)/HVu(:v) ||; Let ¢ denote the unique, smooth, maximal
flow associated with the vector field F', with domain D. By Theorem 9.12 of Lee
(2012), this defines a virtual commodity. But now, by the fundamental theorem of

calculus for line integrals:

u(p(z)) — u(z) = /0 (F - Vu)‘%(x) d¢ :/0 1d§ =t.

Thus (D, ) and u satisfy (3) and hence (D, ¢) is a virtual numeraire for 2-.

Finally, suppose u and v are representations of 2Z, and both satisfy (3) for some
common virtual numeraire (D, ). Then ¢ - Vu = 1 = ¢ - Vo pointwise. By the chain
rule, Vu and Vv are additionally everywhere collinear, implying they must be equal.

As a consequence, u and v are equal up to a constant of integration. O

4TPositivity follows by noting that if, e.g., ¢(x) - Vu(x) = 0, then (N.1) would imply the same
of all 2/ on the same indifference surface near x. Thus, for any such 2/, $(2’) is tangent to the
z-indifference surface, thus the trajectory of ¢ starting from z (i.e. ¢¢(z) for small ¢) must belong

to this indifference surface, violating (N.2).

36



C Proof of Theorem 2

We will rely on the following technical lemma.

Lemma 2. For any distinct z1,...,vx € X, and any A € REXS | there exists a profile
u € C such that:
ags = u’ ()

foralls=1,...,S andk=1,... K.

Proof. Let V- = span{x — 2’ : z,2’ € X}, and fix {z1,...,2x} C X. Since dimV =
dim X = d > 1, there exists a vector v € V such that v is not parallel to x; — x/,
for all distinct k, k" =1,..., K, and let ey, ...,e4 1,v denote any extension of v into

a basis for V.

Now, let xg € X be an arbitrary, fixed allocation. Then every x € X can be

written uniquely as:
d—1

;1::3:0+Zyiei+tv,

i=1
thus we may express each x uniquely in (y,t) coordinates. Writing zy = (yg, tx) =
(yi,..., i~ t), note that for all k # k', we have y;, # y, as if this were not true,

T — Tt = (tk — tk/)’U, a contradiction.

Define, for each k =1,...  K:
H Ny = ywl*
ooy e — e l*
K £k
By the preceding argument, this is well-defined as its denominator is always non-zero.
Moreover, for any j,k =1,..., K, A\;(y;) is one if j = k and zero otherwise. Finally,
let:

K
Zaks_tk Ak(y).

Then at x;, we have:

K
w (Y tre) =t + > (ars — i) Me(ur)
k=1

=ty + (aps — ti)

= Qs
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as desired. As each u® is clearly ¢ quasilinear, ¢;(x) = x + tv is a common utility
unit, and thus u = (u!,...,u%) € C. O

C.1 Proof of Theorem 2

Proof. In light of Lemma 2, our proof essentially mirrors that of Theorem 3 of

d’Aspremont and Gevers (1977). We describe the changes that are needed below.

Lemma 2 of d’Aspremont and Gevers (1977) considers only profiles whose utility
values are specified at three alternatives. By Lemma 2 such profiles always exist in C
hence their Lemma 2, in its original proof, goes through essentially unchanged. Thus
our F satisfies their axiom (XNE).

Now, for any a,b € R® define a R* b if and only if there exist z,2’ € X and u € C
where u(x) = a, u(z') = b, and = =, 2’. By Lemma 2 such z, 2" and u can always be
found. Then Lemma 3 of d’Aspremont and Gevers (1977) goes through unchanged

for this relation R*.

The proof of Lemma 4 in d’Aspremont and Gevers (1977) is the sole other point
in which a slightly modified construction is needed. Writing I* as the symmetric
component of R*, we wish to show that for any permutation o : § — &, and any
a € R®, al*oa, where ca = (a"(l), e ,a"(s)). It suffices to consider o a transpo-
sition, as every permutation is a product of transpositions. Thus, let b = oa and
by Lemma 2, suppose u € C and z,2’ € X satisfies u(z) = a and u(z’) = b. Let
ou = (u'M, ... u®). By (A), =,=0, Since 0? = id, we have cu(z) = b and
ou(x’) = a, hence:

/

aR*b <+— ax>=,2 <= a1>,,2 <<= bR*a.

The claim for arbitrary permutations o then follows. Lemma 5 of d’Aspremont and
Gevers (1977) then goes through unchanged, and likewise the remainder of the proof
of their Theorem 3. O

D Proof of Theorem 3

Proof. First, note that if at some x € X', 0 & AH{Vul(x), ce Vus(x)}, then:
chVuS(a:) =0 = ch =0, (11)

seES seS
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as otherwise the vector ¢ could be rescaled to sum to unity. Conversely, if 0 €
AfH{Vul(z),...,Vu¥(x)}, there exists ¢ € R®, such that:

ZCSVUS(x) =0 and ch = 1.

seS seS
Thus (11) is equivalent to (8).

Now, let r = 7(S). As the profile has constant rank, at every x € X, there exist
Vut, ..., Vu® which are linearly independent on some neighborhood of z € X.
Thus, for every x € X, there exists an open, connected neighborhood U, of x, and
selection of r gradients Vu®,..., Vu®, such that these gradients remain linearly
independent on U,. For each x € X, let A, denote the d x r matrix-valued function

whose columns consist of these gradients.

Then, for every (U,,A,), and every 2’ € U,, the r x r matrix AT(z')A,(z') is

invertible, hence we may define a function F, on U, via:
Fo(a') = Ay (') [ATA, ()] 1,

where 1 denotes the column vector of r ones. This function is smooth and, by
construction, A, (z")TF,(z') = 1. Thus F,(z) has dot product one with every gradient
Vus(z'),...,Vu*r(z'), at every 2’ € U,. Now, on U,, every remaining gradient can

be written as:
,

Vui(a) = 3 (@) Vu (@),

i=1
where the coefficient functions ¢’ are smooth. By (11), the weight functions must sum
to unity, as Vus(a')=Y_;_, ¢'(2/)Vusi(2') = 0. Thus F,(2/)-Vus(2') = >0, ¢ (2') Fp(2)-
Vusi(z') = Yi_, ¢"(a') = 1. Thus, each F, has dot product equal to one with every
gradient Vu', ..., Vu® at every point of U,.

Since X is a subset of Euclidean space it is paracompact, therefore the open cover
U = {U,}rex admits a locally finite refinement, U= {02'}2'61- For each i € I, select
any x; such that U; C U,,- Now, let {1;};e; denote a smooth partition of unity
subordinate to ¢. Then:

is smooth and well-defined, as the open cover {UZ}ZG ; is locally finite, hence for any

r € X, the sum is taken over only finitely many non-zero terms. Moreover, as at
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every point it is a convex combination of vectors which have dot product equal to
one with respect to every gradient, so too does F'. Then, by an identical argument to
that appearing in the proof of Theorem 1, there is then a unique virtual commodity
(D, ) on X such that ¢ = F pointwise. This ¢ then necessarily satisfies (3) for every

us.

Conversely, suppose there exists some common utility unit (D, ¢) for every u®.
Thus, for every u®, we have ¢ - Vu® = 1. For sake of contradiction, suppose, now
that 0 € Aff{Vu!(z),...,Vu®(z)}. By (11) there must be some ¢ € RS such that
Y..c’Vui(z) =0and ) ¢®=1. But thismeans 0 =¢- > c*Vu' =) c*¢-Vu’ =
>, ¢® =1, a contradiction. Thus 0 ¢ Affi{Vu'(z),...,Vu¥(z)}, as desired. O

E Proof of Theorem 4

Proof. Suppose N' C X is a connected neighborhood of g on which (9) holds, for
utilities o', ..., v and some vector A € {—1,1}%. Define v(z) = (v'(z),...,v%(z)),
and let V = v(N). Let ¢ be a virtual commodity on V such that it is a common
numeraire for the preferences !, ..., =% represented by the coordinate functions v?,
i=1,...,d and =% represented by Aw! +--. + X By (N.1) applied to each =,
1=1,...,d, we have:

¢'(v) = F'(v), (12)
for some tuple of functions (F"',..., F%), defined on V and satisfying F} = 0 for all
i # j. But by (N.1) for =41 we obtain:

d
Fi(v) = Z N F (v

is constant on subsets of vectors with constant A dot product in V. Let &' denote the

d-vector of all 0’s except for its ¢th component, which is 1. Then, for all 7 # j:
DF™!(v)(N¢' = NgT) = Fi(v) = F} (v) = 0.

Since v is a diffeomorphism on N, V is open. Thus each coordinate around any

fixed v(z) can be independently varied, hence the above implies every F! is locally

constant and F} = FJJ for all 4, j. Since N is connected, we obtain that each F* is the

restriction to V of a function:
F'(v) = av' + b
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By (N.2), for each i = 1,...,d, we have av’ + 0" > 0, as well as \ - (avi + b) > 0.
Conversely, clearly any ¢ satisfying (12) also satisfies (N.1) and (N.2). Thus every
virtual numeraire takes this form. The claim then follows from solving the ordinary

differential equation (12) and conjugating back to N via v. O

F Proposition Proofs

F.1 Proof of Proposition 1

Proof. Fix a choice of utility representation u : X — R for >, and suppose y - =

~J)

for some x,y € X. First, note if x ~ y, then the singleton sequence (z1,%1) = (x,0)
trivially belongs to D and suffices for the claim. Thus suppose y = x, and consider
the interval A = [u(:c),u(y)} C R. By convexity of X, for every a € A there exists

some z, € X with u(z,) = a. Now, for each a € A, let:
I, = u(p(z,, D))

for an arbitrary choice of z, € u™*(a). Since u is continuous, and by (N.2), u(p(z4,t))
is strictly increasing in ¢, the fact D<) is an open interval containing zero implies

I, C R is an open interval containing a.

Thus {I,}.ca defines an open cover of the compact interval A, and hence there
exists a finite A" C A such that {I,}.ca forms a finite subcover; by the Lebesgue

number lemma, there also exists a partition:
u(x) =by <by < -+ <bg <bry1 =uly),

such that every closed interval [bg,bxi1], K = 1,..., K is contained in some element
of {I,}aea. Now, for every k =1,... K, let I, , ar, € A’ be any sub-cover element
such that [bg, bx11] C I,,. Thus there exist ¢, < ¢; such that:

Pi- (%a,) ~ 2, and Pt (Zay) ~ Zbpt1s

and hence:
Pt -ty (Spt,; (Zak)) ~ Zbgyr-

In particular, by Lemma 1, the left-hand term is well-defined. Then, defining;:
oy = ¢y (2a,), and  tp = =t
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we have:

Pty (xk‘) = wt;rft,: (Sot; (zak)) ~ 2 ™ P (Zak+1) = Tk+1,

k+1
as desired. Now, by maximality of (D, ), if (¢,z) € D, then (— t, @t(z)) € D by
Lemma 1. Thus, if z > y, applying the same construction in the opposite direction,
and then reversing the transfers, yields the analogous conclusion. Finally, when (D, ¢)
is a utility unit for u, the last claim follows from (3), as the sum along the chain

telescopes. O

F.2 Proof of Proposition 2

Proof. For sufficiency, it suffices to note that if (D, ¢) is a common unit for (u!, ..., u%),
then (f), @), where @ = /4, and D) = oD@ is a unit for (au*+6Y, ..., au’+B%).

For necessity, suppose S > 2, and that for some tuple of increasing, smooth,
and critical-point-free functions f = (f!,..., f), whenever a profile (u,...,u") is
interpersonally comparable, so is (f1 ou',...,f%0 us).

Choose global coordinates on X such that the projection of X onto the first factor
is non-singleton. Define:

u(z) = a' + ¢
for all s =1,...,5, where each ¢, € R. Then (u!,...,u") are interpersonally compa-

rable, with common utility unit given by (D, ¢), where ¢;(z) = x + (¢,0,...,0) and

D is the maximal domain associated with this flow on X.*®

Now, if (fout,..., f% o u®) are interpersonally comparable, there exists some
(D, ¢) such that:
(f*ou)(@e(x)) = (f* o u)(z) +1.

Differentiating both sides with respect to ¢t and evaluating at t = 0 implies:

for every s =1,...,S. In particular, since Vu® = [1,0,...,0]T, this implies:

1

PO ey

48Gee Lee (2012) Theorem 9.12.
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But since f preserves interpersonal comparability for any profile, it does so for the
profile obtained by simply varying the ¢®. Since any profile obtained in this fashion
remains comparable, (f!) = ... = (f¥) = « for some constant «; since each f* is

strictly increasing, o > 0 and f*(t) = at + f;. O
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Supplemental Appendix

G Quasilinear Representation of Comparable Pro-
files

Perhaps the most natural example of interpersonally comparable utilities are quasi-

linear profiles. When X = R}, and every utility is of the form:
u(x) = ot +os(a?, ... a"),

it is natural to treat utilities as denominated in a common unit.* Here, since the
marginal utilities of the numeraire, x!, are all normalized to unity, the ‘utils’ of
each u® may be identified with quantities of numeraire. Since these have exogenous,
physical meaning, they can serve as an objective measurement unit into which all

utility differences can be converted.”

Our next result illustrates that quasilinearity provides a kind of normal-form repre-
sentation for interpersonally comparable profiles. We show a profile admits a common
measurement unit if, and only if, there exists a globally-defined, smooth change of co-
ordinates that simultaneously renders each utility quasilinear.”® This illustrates that
the abstract machinery of virtual commodities may simply be viewed as a coordinate-
free generalization of classical commodities, allowing us to speak of numeraire goods

even outside the setting of traditional consumer theory.

Before formally stating this result, we introduce a mild, technical regularity condi-
tion. Suppose (D, ¢) is a virtual commodity, and z,2" € X. Let x ~,, 2’ denote that
x and 2’ are equal, up to some quantity of additional commodity, that is, ' = ¢,(z)
for some ¢ € D@ or vice versa. We say (D, ¢) is a regular virtual commodity if the

binary relation ~, has a closed graph.

4911 the language of virtual commodities, this corresponds to the virtual numeraire with D) =
(=2, 00), for each z € X, and ¢;(z) = x + (¢,0,...,0).

50For example, in a quasilinear profile, this amounts to judging that individual s values chang-
ing the social allocation from z to 2’ more than does s’, because their numeraire-denominated

willingness-to-pay to induce such a shift exceeds that of s'.
51By smooth change of coordinates, we mean a smooth bijection with smooth inverse.
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Theorem 5. A regular virtual commodity (D, ¢) is a common utility unit for the
profile (u',...,u%) if, and only if, there exists a smooth manifold Y, open subset
Q C R x Y, and smooth change-of-coordinates h : X — €2, such that:

(i) For all (x,t) € D,
h(gi(x)) = h(z) + (t,0,...,0).

(ii) For all s € S and (t,y) € 2,
ut (Rt y) =t +v°(y).

Theorem 5 states that whenever (ul, ..., u) are interpersonally comparable, they
are jointly quasilinear under some change of coordinates. The first claim states that
this change of variables transforms the virtual numeraire into the new, horizontal-
axis commodity. This allows us to interpret the first component of vectors in €2 as
reflecting the level of virtual commodity contained in an allocation. The second claim
states that under this change of variables, each utility u*® is quasilinear with respect

to this commodity.

Example 6. Suppose X = R?H, and suppose (u!,...,u”) are all of the form:
u®(z) = Ina’(x),

where each @° is strictly increasing, and homogeneous of degree one.”” Define the
virtual commodity D = X X R and ¢;(z) = €'z, i.e. where ¢; scales x € X propor-
tionally, by the scalar e'. It follows immediately that:

u(pi(z)) =lna*(e'z) =In (e a°(z)) = v’(z) + ¢,
and hence (u',...,u°) is interpersonally comparable. Consider now the change of

coordinates h mapping (z',z?) to the modified polar coordinates (Inr,6). Here,

Q=Rx (0, g) and, in these coordinates:
w*(h~'(Inr,0)) =Ina®(rcosf, rsing) = Inr + u*(cosd,sin f)

is quasilinear in first coordinate, Inr, as desired. [ |

52 Any such function #° is necessarily positive-valued, and hence u* is well-defined.
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G.1 Proof of Theorem 5

Proof. (=): Suppose that (D, ¢) is a virtual commodity which is a common utility
unit for a profile (u',...,u%), and that ~, is a closed binary relation. First, we note
~, 1s an equivalence relation. It is defined symmetrically, and since for any z € X,
0 € D@ and py(x) = x, it is reflexive. Suppose then that z ~oyand y ~, 2. If
vi(r) =y and @y (y) = z, then ppi¢(x) is well-defined and equals z. Thus suppose
wi(x) =y and pp(z) = y. Then p_4(y) = = and hence py_4(2) is well-defined and

equals x. Thus ~, is transitive and hence an equivalence relation.

We now show the quotient map 7 : X — X/~ is open. First, note that for any
te R, let D, = {z € X:tc DD} As D is open, so too is each D,. Moreover,
vy : Dy — D_; is a diffeomorphism with inverse ¢ _;. Now, let U C X be open. Then:

7 (7(U)) = {z € X : p(z) € U for some t € R}

= U SOt(U N Dt)7
teR
which is open. Thus, in the quotient topology on X'/ ~,, m(U) is open for any open

U C X, and hence 7 is an open map.

We now show that X'/~ is a smooth manifold. First, we verify the quotient is
Hausdorff. Let w(z) # m(2'). Then (z,2’) ¢ ~, and hence there exist open neighbor-
hoods U of z and V of 2/ in X’ such that (U x V)N ~,= &. As both U and V are
open, so too are 7(U) and 7(V'), as 7 is an open map. Then 7(U)N7 (V) = &, as their

product is disjoint from the graph of ~, and thus X'/ ~, is Hausdorff. Moreover,

©»
since & is second-countable, so too is X'/ ~,, as by openness of 7, the image of any

countable basis for A under 7 forms a countable basis for X'/ ~.,.

We now construct a smooth atlas for X'/ ~,. Fix any s € S, and let z € X. Let 7
denote the u’-indifference surface through x. Because u° is critical-point-free, Z is an
embedded smooth submanifold of X, e.g. Lee (2012) Corollary 5.14. Now, let U C T

be a coordinate neighborhood of x on this submanifold. Define:
Dy ={(',t') e UxR: (2,t) € D},
and let ¥ : Dy — X via U(2/,t') = ¢p(2'). Suppose V(z',t') = V(2" t"), ie.

op (') = @ (2”). Then u’(2’) = u®(z”), hence by (3), u(gotf(x’)) —uf (gptu(x”)) =
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t' —t"” and thus t' = ¢”. But as ¢y : Dy — D_y is injective, we obtain 2’ = z”. Thus
U is itself injective.

Define X (z) = %%(-T”t:o' Fix some (2/,t') € Dy, and let 2" = @y (z’). Since U
is open in Z, a vector & is tangent to U at 2’ if and only if £ € ker du,s. Then for any
£ e€TyU and X € R,

AP (o) (& A) = d(pr)ar (§) + AXor. (13)

These two terms belong to complementary subspaces, as (X, Vu) = 1 implies X,» ¢
ker du,» and hence is not tangent to U. Now, differentiating both sides of (3) with

respect to = and evaluating at (2, t') yields:
dum// O d(gpt/)x/ = dux/’

and hence d(¢y )y (TwU) C kerduy; as d(¢p), is an isomorphism, these two sub-

spaces have equal dimension, and hence coincide. Now, suppose:
dqj(x/,t/) (6, )\) = 0

Applying du,» to both sides yields:

0 = dux// (d(g&t/)gcl(f) + /\Xx//) = )\

and hence A = 0. Plugging this into (13), this implies 0 = d(py).(£). But as noted
above, d(¢y ), is an isomorphism hence £ = 0. Thus dW¥ (., is an isomorphism and

therefore V¥ is a local diffeomorphism.

Now, by definition, the range ¥(Dy) = 7 (7(U)), hence 7~ *(7(U)) is open, and
therefore U is a diffeomorphism. But this implies that 7(U) is an open subset of
X/ ~,, and that 7r|U — m(U) is a homeomorphism onto an open subset. As U is a

coordinate neighborhood, this yields charts covering X/ ~.,.

Suppose U,V C X/~ are two coordinate neighborhoods such that U NV # @.
Then for some open subset U’ C {x € X : u®(z) =c} and V' C{z € X : v’*(x) = d},
the transition map is simply the restriction of ¢, ., which is smooth. Hence these

charts define a smooth (d — 1)-manifold structure on X/ ~,.

We now are in position to define h, Y, and Q. Let Y = X/ ~,, and define
h: X —-RxY via:



The map h is injective, as h(x) = h(z’) implies m(x) = w(z') and hence ¢ (z) = 2.
But since u®(x) = u®(2’), by (3), we must have x = 2’. Suppose now dh,({) = 0
for some tangent vector ( € T, X. Since dh, = [dufc dm]T, this implies dm,(v) = 0
hence v is proportional to X,. But since duf(AX,) = A, it follows A = 0, and
hence v = 0. Thus dh, is injective and since both the domain and codomain are
d-dimensional, dh, is an isomorphism, making h a local diffeomorphism. Because we
have already shown h to be injective, and both X and R x X/~ are d-dimensional
manifolds, X without boundary, we obtain that A is a diffeomorphism from X onto
the open set h(X) C R x X/~ (e.g. Prop. 4.22.(d) in Lee 2012). We then define
Q=NnX) CR x X/~,.

Finally, we now verify (i) and (ii). For (i), note that for all (z,t) € D,

( 7)) = ( 8 (i)

= (u'(2) + t,7(x))

h(x ) (t 0,...,0),

where the second equality follows from the fact u® satisfies (3). For (ii), note that

from the above, (7h.X)(y) = dhp-1(ty)(Xn-1(t,)) = 0. Thus if h(x) = (¢,y), then for
any s € S:

0
825

Writing Q = h(X), let QW) = {¢: (t,y) € Q}. For any y, this is a connected interval,
as if h(z) = (t,y), this just equals u* (7~ (7(2))) = u*(¢pw (z)), which is connected
as D@ is. As each QW) is connected, usl(hfl(t, y)) — t is then constant on Q® and
hence depends only on y as a function defined on all €2. Define this function to be
v¥ (y) = u* (h7(t,y)) — t. Then by identity, u® (h='(t,y)) =t + v*'(y), as desired.

—u ,(h_l(t,y)) = (X, Vu>|x = 1.

(<=): Suppose now (i) and (ii) hold. Suppose h(x) = (t,y) and let ¢’ € D@,

Then:
u(z) = u’ (h'(t,y))

(
= (h ' (t+¢ y) ¢
= (e (W (1)) =
=u (SOt/(iU)) - t';
where the first equality is an identity, the second follows from (ii), the third from (i),
and the fourth again is an identity. Hence u® satisfies (3) for each s € S. O
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H Locally Comparable Representations

For ease of exposition, we will illustrate our results in the case of full-rank profiles,
containing S = d + 1 individuals.”® Consider, then, a fixed status quo allocation zy,
and suppose the planner observes a profile (=1, ..., =41). Let (u!,..., u?t!) denote
an arbitrary profile of representations. We will make use of the following regularity

hypothesis.

(CR.1) Full Profile Rank: The subprofile (u!,...,u%) has constant and full rank
about x, i.e. the matrix:

T

J(x) = |Vu' -+ Vu?| isinvertible (14)

in a neighborhood of xy. In addition, we will suppose:

d

Vudt (zg) = Z ciVu' (o),

=1

for positive scalars ¢y, ...,cq > 0.

Assumption (CR.1) requires the gradients of some d-individual subprofile not all
lie on some lower dimensional surface. We also require that the final gradient does not
belong to the span of any proper sub-collection of these. However, the assumption
that it is specifically a positive linear combination is purely for notational convenience.

Finally, to avoid a proliferation of indices, we will simply write @ for u?*?.

Suppose now (CR.1) holds, and let Ny denote any neighborhood of zy on which
J is invertible, and the gradient condition on % remains valid. Given any smooth

function f : My — R, we define its utility derivatives, for any ¢ = 1,...,d, via:
Of _~0f -
fi = e Z (T Djis

J
‘= ox

These quantities are simply the derivatives of f, instead computed with respect to

the wutility coordinates u = (ul,... u?).

53All our results extend straightforwardly, albeit at the cost of more cumbersome notation, to

profiles of arbitrary, finite size, as well as to profiles of lower rank; see Section H.3.
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This perspective allows us to consider the final utility @ as a function u(u) of the
utilities of the remaining members of society. Doing so, we define the separability
indices of u via:

— 4 4, kdistinct or —

’mﬂj U; U,

TV
Ifd>3 Ifd=2

where all subscripts refer to utility derivatives. Let H denote the set of such indices.’*
It may be verified that, given @, each h € H is independent of the choices of represen-

tation u'

,...,u?. Moreover, while in general the value of a given h € H depends on
the particular choice of representation @, the property that any given h = 0 is purely

ordinal.

As we will shortly show, the indices in H may be regarded as quantifying how
close u is, up to a monotone transform, to being an additively separable function
of the utilities u',...,u?. Equivalently, they reflect how close the utility-derivative
marginal rates of substitution @;/u; are to being independent of the utility levels of

the rest of society k # i, j.

Before providing further interpretation, we first introduce our next regularity con-

dition, which rules out singularities in the system H about ug = u(xy).

(CR.2) Constant Index Rank: For all h € H, sign(h(u)) is constant in a neighbor-

hood of .

Under (CR.2), there are two possibilities. Either every function in H is uniformly zero
on some neighborhood of g, or there exists some h € H such that h(ug) is locally
strictly positive.”® These two cases lead to qualitatively different behavior, hence we

treat them separately.

54That is, when d > 3, we let H denote the set of all functions ;—g — % for distinct 4, j, and k.
it i

If instead d = 2, H denotes the singleton family, containing only \/ ‘ ﬁalg In (%) ‘
SRecall sign(t) = 1 if t > 0, —1 if t < 0, and 0 if ¢ = 0.
56When d > 3, the functions corresponding to the tuple (i, j, k) and (i, k,j) have opposite sign.

As a consequence if any h € H is non-zero at ug, at least one will be strictly positive.
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H.1 The Separable Case

Suppose first every h € H vanishes on some neighborhood of ug. By possibly restrict-
ing further, we may suppose this is true on some N' C u(Np). In this case, there exist

d

utility representations f'ou', ..., f4ou? for Z',~1(ny, - - Z%u-10), and a smooth,

strictly increasing, and critical-point-free f : @(N) — R, such that:

(Fou)(w) = £, (15)

Let v' = fiow, for each i = 1,...,d. We term the tuple v = (v!,...,29) a lo-
cally separable representation for the profile (!, ..., 4*1).5" Thus this case

corresponds precisely to the locally separable setting treated in the main text.

H.2 The Non-separable Case

Suppose now that H contains some function h which is strictly positive at x. In this

case, nearby uy = u(xg), we can define the functions:
K'(u) = —In (h(u) @;(u)),

for i = 1,...,d. In light of (CR.1) and (CR.2), these are well-defined. As the
following lemma shows, the functions K*, ..., K¢ generate an overdetermined system
of partial differential equations, which characterize when a local virtual commodity

is numeraire, for every preference in (=1, ..., =41,

Proposition 3. Assume (CR.1) and (CR.2), and let h € H be positive at ug. Suppose

(D, ) is a local virtual commodity defined about ug, and in u-coordinates, let:"®

Then (D, ) satisfies (N.1) and (N.2) for every preference in (51, ..., =%, if, and

5TThe tuple of representations v = (v!,...,v%) is unique up to a component-wise transform of the

form v* — av® + B¢, where the common a > 0, and ° € R.
58In particular, F' is the component of F pointing in direction Vu?’.
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only if, each F' > 0, and F satisfies:

Fl «.. Fl (F,.VKY 0 0
Lo ] = 0 0 . (16)
Fi ... F¢ 0 0 (F, VK%

Proposition 3 shows that the d components of the generator of a virtual numeraire
must satisfy an overdetermined system of d? partial differential equations. Informally,
the equations (16) state each transformation ¢, must preserve all local, geometric
information about every indifference curve, such as the utility-derivative marginal
rates of substitution of @, and any structural relations between them. This may
be viewed as a generalization of the classical fact that quasilinear preferences are
characterized by the independence of their marginal rates of substitution on the level

59

of numeraire.

In general, no non-zero solution to (16) will exist, unless the system satisfies
strong compatibility, or ‘integrability’ conditions. For any distinct 7,0 = 1,...,d,
let Q5 = K, and for any tuple of indices (i,jo,...,jr) with i # jo and L > 0,
recursively define:

i 9 20---,jL i ¢ i
Jodrer = gggrer T Qdoenin ; Kip -

Let M denote the matrix of functions whose rows are given by the vectors:

L T
VQ}O--JL/ ‘l’ Q;O---jlj Z VK]l:| , (17)
=0

for each tuple (i, jo,...,jr/) with i # jo and L’ < L. Since the rank of any My
cannot exceed d, there is necessarily some unique, smallest L* such that, evaluated
at xg, the ranks of M. and M+, coincide. Our final regularity condition requires

the ranks of these matrices to be locally constant.

(CR.3) Constant System Rank: For each 0 < L < L* 41, the ranks of the matrices

M, are locally constant about xg.

58ee Blackorby et al. (1978) and Sono (1961). See also Theorem 5.
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We say that the system (16) satisfies the compatibility conditions if ker(M ),
evaluated at x(, contains a strictly positive vector. Our next theorem not only char-
acterizes the existence of common, local virtual numeraires, but also shows that the
set of such commodities has a well-defined dimension, and is smoothly parameterized

by at most d = dim(X') parameters.

Theorem 6. Assume (CR.1)- (CR.3), and suppose H contains some locally non-zero
function. Then the set of local virtual numeraires for (=1, ..., =%1) is non-empty if,

and only if the compatibility conditions:
ker(Mp) NRL, # &

hold at xo. When this is true, the set of local virtual numeraires is non-empty, and

depends smoothly on d — rank(M«) parameters.

Theorem 6 characterizes when a common local virtual numeraire exists for a pref-
erence profile. This, in turn, completely describes the set of profiles of comparable

representations for these preferences.

This result straightforwardly extends to profiles where S # d + 1, as well as to
various cases where (CR.1) does not hold, such as when a profile’s rank is less than

d, or Vue*t! is not a positive linear combination of other gradients.®

Together Theorem 4 and Theorem 6 show that, when non-empty, the set of com-
mon, local virtual numeraires is always finite dimensional, and of dimension at most
equal to d + 1. Thus, interpersonal comparability presents an exacting requirement.
For any sufficiently rich profile, of the infinite-dimensional family of possible local
utility representations consistent with the given preferences, only a finite-dimensional

subset will be interpersonally comparable.

Theorem 6 not only allows us to describe the set of common, virtual numeraires
for a given profile, but also to obtain necessary and sufficient conditions on families

of profiles for the existence of comparable representations. We illustrate this below.

Example 7. Suppose that X =R? ., and consider the preference profile represented

by the utilities u'(z) = 2, for i = 1,2,3, and u(x) = g(z' + 2?) + 2* for some

60See Section H.3.
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increasing, strictly concave g.°! Note that varying g generally does not correspond to
applying any monotone transform to u, hence we may regard g as indexing a family

of preference profiles.

We claim any tuple of preferences of this form admits a common, local virtual
numeraire about an allocation z if, and only if, restricted to some neighborhood of

Zo, g is the Bernoulli utility of a hyperbolic expected utility preference (Merton 1971),

g'(s)

g"(s)
for constants a,b € R.% For any such ¢, we will show the set of common, local
3

l.e. it satisfies:

= a + bs, (18)

numeraires depends smoothly on three parameters.®

To prove this, we will make use of Proposition 3 and Theorem 6. Firstly, we seek

a positive function in H. Letting s = 2! + 2%, since 4; = @y = ¢/(s), and 1z = 1, the

only functions in H that are positive at any given point are h = —g”(s)/g'(s)?. Thus
we obtain: , ,
K1:K2:—ln_£/] (S), nd K?’:—ln_;q <S2)
g'(s) g'(s)

By Proposition 3, it suffices to instead determine whether any vector field F', defined
in a neighborhood of ¢, satisfies (16) for these K.

Since K' = K2, by (16) it follows any F must satisfy F' = F7. However, since
(16) also implies each F must be a function solely of z*, it follows that F} = F} =

for some constant «. Integrating, we obtain F* = ax® + 3¢, for i = 1, 2.

Plugging these functional forms for F! and F? back into (16) yields an ordinary

differential equation for g that must be satisfied for any such X to exist:

T'(s) a
T(s) as+p

61Given our choices of u',u?, and u?, we may think of X' as already being in utility coordinates.
Thus, in particular, the utility derivatives of @ coincide with its partial derivatives with respect to

each z°.
62Examples include both log or power functions (the CRRA family) and exponential (CARA)

utilities. Since g is assumed to be increasing and strictly concave, a + bs is strictly positive on the

range of values taken by z! 4+ 22 about zy.
631f, instead, we required ¢ to be only weakly concave, on regions where g is linear, Theorem 4

would apply and instead yield four-parameter families of local solutions.
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where T'(s) = —¢'(s)/¢"(s). In the context of risk, this quantity would correspond
to the Arrow-Pratt measure of risk tolerance for the expected utility preference with
Bernoulli utility g. Integrating both sides yields:
g'(s)
g"(s)
as desired. Thus for any common virtual numeraire to exist, g must necessarily obey
(18).

=as + b,

Conversely, to show this is not only necessary but also sufficient for the existence
of some common, local numeraire, we apply Theorem 6. By direct calculation, satis-
faction of (18) implies each vector of the form (17) is uniformly zero. Thus L* = 0,
and M« is simply the zero matrix, and hence satisfies the integrability conditions.
As a consequence, Theorem 6 guarantees the set of common, local virtual numeraires

is non-empty, and depends smoothly on 3 parameters, as desired. [ |

H.3 Theorem 6 for General Profiles
H.3.1 Underdetermined Profiles: Rank = S

Consider a preference profile (=1, ..., 2°) whose rank (i.e. the rank of the d x S matrix
whose columns are the gradients Vu® of arbitrary choices of representations) is equal

L., u®, the gradients of

to S. In this case, given any choice of representations u
these utilities are linearly independent at xq; we will assume that this rank condition
holds locally in some neighborhood of z.

In this case, the profile admits an infinite-dimensional family of virtual numeraires.
To see this, given any choice of profile of representations (u',...,u%), by linear inde-
pendence of Vu!,. .., Vu®, their affine hull cannot contain the origin, thus by Theo-
rem 3 there exists a common utility unit for (u!,...,u%). Since the independence of
gradients at x( is preserved under monotone transformation, this will be true of any
representing profile, yielding, by Theorem 1, a generally different unit for each other

choice of utilities.

H.3.2 Overdetermined Profiles: S > Rank +1

We first note that in such cases, it is without loss of generality to assume the profile
rank 7 is equal to d. If not, by the Rank Theorem (Lee 2012 Theorem 4.12), there
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exist local coordinates about zg of the form (u,...,u", 2", ... 2¢). Thus any local
numeraire defined on the r-dimensional slice, spanned by the utility coordinates,
through xy, can be turned into a full local solution simply by defining it to be locally

constant in the z variables.

Thus, without loss of generality, we suppose the profile rank equals d. While
both Proposition 3 and the Veblen and Thomas (1926) integrability theorem can be
extended to the case of arbitrarily more than d + 1 preferences (see discussion in
Eisenhart 1927), doing so directly yields additional local rank conditions which must
be satisfied, and additional, increasingly complex integrability conditions. Instead,
a far simpler practical approach is to simply apply Theorem 4 or Theorem 6 to
any subprofile of d + 1 preferences, hence obtaining a complete description of the
subprofiles common virtual numeraires, depending on at most d + 1 free parameters.
For each subsequent preference d 4+ 2 onward, Lemma 5 gives a simple necessary and

sufficient condition to check whether a given ¢ indeed is a virtual numeraire.

Concretely, Lemma 5 states that if F' is a solution to (16), then, for any choice
of utility u for any additional preference, that F' is the generator of a local virtual
numeraire for the underlying preferences if and only if (i) (F,Va) can be written
as how, and (ii) (F,Va) > 0. Condition (i) may be seen as a generalization of
Euler’s homogeneous function theorem.®* Thus, in practice, by simply computing the
directional derivative (F,Vu) as a function of the parameters given by Theorem 6
or Theorem 4 and checking conditions (i) and (ii), one obtains a simple method of

extending these results to larger profiles.

H.4 Proofs

H.4.1 Preliminary Lemmas

In all that follows, f*w denotes the pullback of the 1-form w under the smooth function

f. We say two 1-forms are proportional if they differ by a positive, smooth, multiple.

Lemma 3. Let = be a preference on X with utility w, and U,V C X connected

open sets, where the restriction of every indifference surface of - to U is connected.

64Euler’s homogeneous function theorem (e.g. Mas-Colell et al. 1995) corresponds to the special
case where F is the vector field [z!,..., 29T, which is the generator of the virtual commodity

¢¢(x) = e'x, which is itself a numeraire for any monotone, homothetic preference.
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Then for any diffeomorphism ¢ : U — V', and any 1-form w proportional to du, the

following are equivalent:
(i) For all x,2’ € U, x 77 2" if and only if ¢(z) 77 ¢(2'); and
(ii) For some smooth g : U — R, ,, we have ¢*w = guw.

Proof. Since ¢ : U — V is a diffeomorphism, (i) is equivalent to u and u o ¢ rep-
resenting the same preference on U. Thus (i) is equivalent to the existence of some

strictly increasing map f : w(U) — R such that uo ¢ = fowu on U.

We now claim f is smooth. Pick any point z € U. As u is critical-point-free, by the
Rank Theorem (Lee 2012 Theorem 4.12), there exists some neighborhood x € W C U,
open interval I C R, open ball B C R%"! and diffeomorphism h : I x B — W such
that u(h(t,b)) = t. Thus, (uo ¢ o h)(t,b) is smooth, and since  is constant in b, and
uo represents the same preference, (uo o h)(t,b) is constant in b. Thus f is simply
the restriction of u o ¢ o h to any slice of the form I x {b}, and hence smooth. Since

smoothness is local, this implies f is smooth on u(U).

Now, differentiating uo¢ = fou at any x € W, we obtain du, d¢, = f'(u(x)) du,.
Since ¢ is a diffeomorphism, d¢ is invertible; since w is critical-point-free, du # 0,
hence f'(u(z)) # 0; since f is increasing, f'(u(x)) > 0. Thus (i) is equivalent to

uo ¢ = f owu for some strictly increasing, critical-point-free smooth map f.

Now, suppose u o ¢ = f owu for such an f, and let w|y = adu for some smooth
a:U — R, and likewise w|y = bdu for smooth b : V' — R, .. Then by direct
calculation:

(o) f'(w)

a

¢'w = ¢*(bdu) = (bop)d(uod) = (boo)d(fou)=

Y

and hence (i) implies (ii). Conversely, suppose ¢*w = (bo ¢)d(u o ¢) = ga du, where
everywhere g > 0. Let x ~ y. Since the indifference sets of - are connected, there
exists some smooth path v : [0,1] — U such that v(0) = x, v(1) = y, and 7 is
contained in the indifference surface through x and y. Since for all ¢, 7/(t) € ker du =
ker d(u o ¢), by the Gradient Theorem, u o ¢ is constant on the level sets of u, thus
globally we obtain some function f : u(U) — R such that fou = uwo ¢. By an
identical argument to before, f is smooth; since uo ¢ = fowu, f'(u)du=d(fou) =
d(uo ¢) = 2% du, and hence a,b,g > 0 implies f'(u) > 0. Therefore f is strictly

bogp
increasing and critical-point-free and thus (ii) implies (i). O
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Now, suppose that (CR.1) holds for the profile (=1, ..., =31, Let ul,..., v, and

u denote arbitrary choices of representation for each preference. Then the 1-form:

d
du = E u;du’,
i=1

for positive-valued utility derivatives wy,...,uq. (Throughout, we do not employ
Einstein summation convention.) For each i = 1,...,d, define:
W = w;du,

u; = 0/0u’ . By (CR.1) these one-forms define a local coframe near .

Lemma 4. Let U,V C X be connected open sets such that the restriction of each
indifference surface of 7=t ..., =% to U is connected, and (CR.1) holds on U and
V. Then for any diffeomorphism ¢ : U — V', the following are equivalent:

(i) For all z,2' € U, we have x 7' 2’ if and only if ¢(z) =* ¢(2'), for all i =
1,....,d+1; and

(ii) For some common, smooth g : U — R, , we have ¢*w' = gw' for all i =
1,...,d.
Proof. By Lemma 3, there exist smooth functions ¢ : U — R, such that, on U,
¢*w' = g'w® and (N.1) for = coincide. Similarly, there exists g : U — R, such that
¢* du = gdu is equivalent to (N.1) for the restriction of ¢! to U. Thus, on U, (i)

implies:

¢*(du) = ¢* [i T dul}

i=1
d
i=1
where, by definition, du = Y, w’. But since we also have ¢*du = gdu, and w?, ..., w?
form a coframe on U, we must have g = g for all i = 1,...,d. Hence, on U, (i) and
(ii) coincide. O

Lemma 5. Suppose (CR.1), and let (D, ) be a virtual commodity defined on some
connected open set U C X such that the restriction of each indifference surface of
=L, =% to U are connected. Define X = %—ﬂtzo. Then (D, ) satisfies (N.1)
and (N.2) for every =t ..., =3 if and only if, for alli =1,...,d, (i) Lxw' = Wi,
for some smooth real-valued \, and (i) X' > 0.
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Proof. Suppose first (D, ¢) is a local virtual numeraire defined on U and let x € U.
As D@ is an interval, if # > t > 0, then D, O Dy, with the opposite inclusion for
negative ¢,t. Now, by definition, D contains some non-degenerate closed interval
[—¢,¢€]. Thus (¢ .4 Pt = D_ N D, is open and contains x. By possibly restricting
this set further, we may, without loss of generality, suppose W = D_. N D, is a
connected neighborhood of x such that the restrictions of each indifference surface of

every preference =1, ..., =41 to W are also connected.

Trivially by (N.2) we must have X* > 0. Now, by Lemma 4, for every t € [—¢, €],
since (N.1) holds, there exist some smooth g* : W — R, such that, on W, ¢} w' =

g'w' for all i = 1,...,d. Since p is smooth in (¢, ) so too is ¢} w' and hence so is
g w'. Thus, let: t
Ax) = 8‘%—? L
By definition of the Lie derivative of a 1-form (Lee 2012, Equation 12.8):
0 0

Lx(w') = acpf w' = agtwi =\

foralli =1,...,d. Since (i) and (ii) are local properties and « € U was arbitrary, we
have shown (N.1) and (N.2) imply (i) and (ii).

Conversely, suppose X satisfies (i) and (ii) on U. Then writing a = 4;|y7, we have:

0= Lx(adu") A (adu")
=aX -Vadu' Adu'+ aLxdu’ A (adu’)
= (0) +a*d(X - Vu') A du'.

Now, since a > 0 by (CR.1), dividing off yields:
0=d(X -Vu')Adu".

Thus d(X - Vu') is collinear with du’. Since it is also exact, and the level sets of
u® connected, by an analogous argument to the proof of Lemma 3, there exists some
smooth, real-valued function f* : u*(U)— R such that X-Vu’ = fiou’. By hypothesis,
X - Vu' = du'(X) = X" > 0, hence f* > 0. Thus the function F*: v'(U) — R given

by:
' F@'<q>=/q L e
TRl
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for some ¢ € u'(U), is well-defined and strictly increasing. Then:

X-VF(@u)=Y" XJ’F”(ui)i.ui

Thus F" o u' is both a strictly increasing transformation of u’ (and hence represents
=% on U), and has constant X-directional derivative equal to unity, as desired. Let
(D, ¢) then denote the maximal flow on U associated with X; it follows that F*ou'|
has (D, ) as a utility unit, and hence (D, ) is a virtual numeraire for =, for all

1 =1,...,d. Finally, since:

Lx(du) =Y Aw' = \da,

an analogous argument shows (D, ) is also a virtual numeraire for ¢!, completing
the proof. O

Thus locally, the satisfaction of (N.1) is equivalent to a diffeomorphism acting
on the d 1-forms w',...,w? by a common, multiplicative scaling. We now expand
our space to incorporate this added degree of freedom explicitly. Given xy € X and
U,V C X connected open sets with zy € U, we define the lifted 1-forms 0 on R, xU
and R, x V via:

The following lemma shows that a diffeomorphism ¢ fixes every w?, modulo a common

scaling, if and only if there exists a ‘lifted’” diffeomorphism ® which fixes each 6°.

Lemma 6. Let U,V C X be connected open sets. Then there exists a diffeomorphism
¢ : U — V such that, for alli=1,...,d, ¢*w’ = gw' for some smooth g : U — R,
if, and only if, there exists a diffeomorphism ® : R, x U — R, XV such that, for
alli=1,...,d, we have ®*0* = §°.

Proof. Suppose first there exists a diffeomorphism ® : R, . xU — R, x V satisfying
0 =0 fori =1,...,d. Write ® = (B(h, u), gg(h, u)) By direct computation:

O*Y = B(h, u)qg*wi,
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hence:

-~ h .
W' = Zuﬂ. (19)

Qg
—duv + —dh]|.
5w T on
But on the right-hand side of (19), since each w® has a 0 coefficient on dh, the h-partial
derivative of ¢ must uniformly vanish:
09
— =0.
Oh
Since U is connected, this implies ¢ is a function only of the utility variables u =
(ul,...,u?). Thus the entire left-hand side of (19) is a function solely of the u
variables, and thus so too is the right. This in turn implies h/h(h,u) is a function
g(u), ie. that h/g(u) = h(h,u), and hence the map ®(h,u) = (h/g(u),q@(u)) In
particular, since h and iz(h, u) are both strictly positive, so too is g, and é*wi = guw'.
Finally, in light of the above, it follows ¢ must map U — V diffeomorphically, as ®

is a diffeomorphism itself.

Conversely, suppose ¢ : U — V is a diffecomorphism such that ¢*w! = gw® for all
i =1,...d. Define:

v(hu) = (000 ).

g(u)’
Then:
g(u)
9 i _ 5 i pi
=hZw'=hw'=10
g
as desired. O

Lemma 7. Suppose (CR.1) and (CR.2) hold, and d > 3. Then for any connected,
open U,V C X, and any hg € H such that holy > 0, a diffeomorphism ¢ : U — V
satisfies ¢*w' = gw' for alli =1,...,d and some smooth g : U — R, if, and only
if, ¢*how' = how' for alli=1,...,d.
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Proof. We begin by considering the lifted coframe elements 6 = hw®. By direct

computation:
df" = dhw'

= dh A W' + hdw'

dh LT
:TAQZ—Fh;Uiij]/\wZ (20)
dh 1w
:TAQZJFE;_uiZjQJAQZ'

Consider the restriction of these forms to the graph of some function h:U— R, ..

Once h is specified, since ', ...,0? form a coframing of U, we have:
dh
T:zlel—i—---—i—zded,
h
for some unknown smooth, real-valued functions zi, ..., z4 defined on U, thus (20)
becomes:
o' =" o L gi g g
i T by '

Now, suppose ¢ : U — V is a diffeomorphism satisfying ¢*w’ = gw' foralli = 1,...,d,
for some positive-valued smooth function g. By Lemma 6, the lifted diffeomorphism
®:Ryy x U — Ry x V, defined by ®(h,u) = (h/g(u), $(u)), satisfies ®** = 6" for
all i =1,...,d. Thus on the graph of h:

o (d0') = d o0’

= df’
1 a ]
:Z|:Zj—|—7_7{2_j‘:|(93/\61.
j#i h titly

But once again, since (i) ®*¢' = 6" for all i, and (i) ®(h(u),u) = (h(u)/g(w), d(u)),

we obtain:

Uij I
A () Wl gy T h(u) T,

for all 7 # j, where Z denotes the analogous z functions obtained for the lifted forms

on R, x V. As such, let i, j, k be distinct. Then for every symmetry ¢, we obtain:

F wy 1y } _ F Wy Lty 1 (22)
huity;  h ety | g, .0 hwity Uyt | ) )
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by subtracting (21) for indices 7 and j, from the analogous equation for indices k and j.
By hypothesis, for some choice of distinct i, j, k, both sides of (22) are strictly positive
for all u € U.% Define, now, for these indices, the functions 7' : R, x U — R, | and

ho: U — R, via:

T(hu) = + [ L0
U h|aay gty

and:

ho(u) = {ﬂ”’ _ g }

ﬂiﬂj U U
Clearly hy € H and, by construction:

1 =T (ho(u), u). (23)

This implies that, for any ¢ and smooth, positive-valued function g such that ¢*w? =

gw' forall i =1,...,d, we have:

_ (24)

where the first equality follows from dividing the left by the right-hand side of (22),
the second from (23), and the final by definition of ®. Consider now the modified

coframe hgw?, for i = 1,...,d. Under ¢ we have:

(hoo¢)g

¢*h0wi:(hoo¢)gwi: { h
0

:| ho (JJi.

By (24), the square bracketed term is the constant function 1, hence ¢*hyw’ = how’

for all 7 =1,...,d. Since the converse is trivial, the claim follows. O

When d = 2, we define H to be the singleton set consisting of the function:

ho(u) == \/ — 17 612 In (ﬂ) ‘
UiUs U9

In such cases, (CR.2) requires the sign of this function to be locally constant.

65This is possible as d > 3.
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Lemma 8. Suppose (CR.1) and let d = 2. Then for any connected, open U,V C X
such that for the unique hy € H, we have holy > 0, a diffeomorphism ¢ : U — V
satisfies ¢g*w' = gw' for all i = 1,2 and some smooth g : U — R, if. and only if,
d*how' = how! for all i =1, 2.

Proof. We once again begin by considering the lifted 1-forms 6! and 2. By direct

computation:
ot hwt
d =d
62 hw?
dh 1 14
H i] N _“11‘22] 6 A2,
2 1@
0 7 9 Eﬂ111222
Now, let k = 4 + hanzf' + 5 2120% Then df* = k A 6. Differentiating this, we

obtain that for i = 1, 2:
0=dr N0 — Kk Adb

=di ANO" — K AKNG
=dr N6
As U C X which is two-dimensional, this implies dk = ¢ A 62 for some smooth
function c.
Now, suppose ¢ satisfies ¢*w’ = gw’. By Lemma 6, the map ®(h, u) = (h/g(u), ¢(u))
satisfies ®*0" = #'. Then: A A
O*d o' = dd*0"
= df’
= kNG
As pullbacks commute with wedge products, we obtain that in addition, ®*x = k.

From this fact, and our observation that drx = c0* A6?, we conclude that co®(h, u) =
c(h,u).

Now, by direct computation, writing T" for 51;2, we have:

dh
dk = dlf + Tw' + Tw2]

—dT Aw' + Tdw' +dT N w? + T dw?

T. T (25)
= _—2w2/\w1 + _—1w1 A w?
Uz Uy
= <£ — Q) wh A W
U1l U2
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Now, note that T' = ﬂ—llal Inuy = 1%82 In 2y, hence:

T
— =T+ — 0w (26)
Uy U1U2
and T
2= T4 0 Ind,. (27)
Uz Uz
In particular, from (25), (26), and (27) we have:
117y 1
hyou)=—=|———=
o) = 5|1 - 2

1 1 Uy
= — In{—].
R, e <u2>
Since hgly > 0, we may suppose ¢ > 0 for all h and all v € U and we obtain
c(ho(u),u) =1 for all u € U.% Now, as co ®(h,u) = c(h,u):
1=co®(ho(u),u)

_ [mo o i)((;))g(u)r

and hence since hg and g are positive,

(ho 0 O)(wg(w) _
ho(u)
But then: )
P*how' = (hg o @) gw' = (OZ—(b)ghowi = how',
0
as desired. O

H.5 Proof of Proposition 3

Proof. Suppose first (D, ¢) is a local virtual numeraire defined on some convex open
neighborhood U of xy. As every D% is an interval, if ¢ >t > 0, then D, D Dy, with
the opposite inclusion for negative t,t'. Now, by definition, D*) contains some non-
degenerate closed interval [—¢, ¢]. Thus ﬂte[_ ) Dt = D_ ND: is open and contains

xo. By possibly restricting this set further, we may, without loss of generality, suppose

66That is, we may consider both the apparent positive and negative branches together, by simply

interchanging 0! and 62, i.e. dx = —cf? A 0. See Gardner (1989) p. 65 for more discussion.
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W = D_. N D, is connected, and that the restriction of each indifference surface of
every preference =!,... =91 to it are connected. Then by Lemma 4, for every
t € [—¢,¢], since (N.1) holds, there exist some smooth ¢* : W — R, such that, on
W, piw' = glw! for all i = 1,...,d, where ¢jw’ denotes the pull-back of the 1-form

w' under ;.

Now, by hypothesis, h € H satisfies h|y > 0. Thus by Lemma 7 and Lemma 8,
regardless of whether d > 2 or d = 2, we have ¢} (hw') = hw' for every t € [—¢,¢].
Then, letting X denote the generator of ¢, ¢, by definition of the Lie derivative of a
1-form (Lee 2012, Equation 12.8):

is well-defined using only ¢ € [—¢, €], and equal to zero. But in utility coordinates:
Lx(hw') = X - V(hii;) du’ + h ;L x (du')

d
= X - V(ha;) du' + ha; Y Xidu.
j=1
Since du', ..., du® form a coframe, Lx(hw') = 0 if and only if (i) X! = 0 for all i # j,
and (ii) X} = —X - VIn(hu;). Writing these equations in matrix form is precisely
(16). Moreover, X' = X - Vu' = du’(X), for all 1 = 1,...,d, hence satisfaction of
(N.2) implies X* > 0.

Conversely, suppose (16) admits a solution X on some neighborhood U of xg, and
that X* > 0 for all # = 1,...,d, and hence (N.2) obtains. By restricting, we may
assume the restriction each indifference surface of every preference !, ..., =4+ to U
are connected. We have already shown that satisfaction of (16) by X is equivalent to
Lx(hw') = 0. But:

0= ﬁx<ﬁwz) =X VB wi + Bﬁx(wl)

hence, as h > 0:
Lx(w) =—-X-VIn(h) ',

and thus Ly (w?) can be written as Aw?, for all i = 1,...,d. As a consequence, by

Lemma 5, the maximal flow associated with X on U is a local virtual numeraire for
1 d+1
L e O
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H.6 Proof of Theorem 6

H.6.1 Preliminaries

Let us write the first-order system (16) as:

; ; X VK (u) ifi=j
Xi=¢i(X,u) = , (28)
0 otherwise,

where, as before, X! denotes 0X’/0u’. Define the differential operators:

0 Lo 0

- oul LoX

foralli = 1,...,d on C*(R? x U). If X is a solution to (28), then for any smooth
function f(X(u),u), applying D; to f corresponds to totally differentiating f with

D;

respect to u’, then substituting ¢} for X} via (28).

The key integrability result for establishing the non-emptiness and dimensionality
of the set of local solutions to (28) is due to Veblen and Thomas (1926). We give a
formal statement of this result, tailored to our system, below.®” Toward this end, for

any i # jin 1,....,d, let:
I(X,u) = X - [VK}(u) + K} (u) VK (u)].

For any family F C C®°(R? x U), let (F)y denote the set of all finite, linear com-
binations of functions in F, whose coefficients are smooth functions U — R. Then,
define:

7' = <[;(X,u) :z';éj>U,
and inductively, let: 75 = (ZL U{D;l : I € IF,j =1,...,d})y for all L > 0, and
let ZL = {(X,u) e R*x U : I(X,u) = 0 for all I € T"}. We note that the sets Z*

could be equivalently obtained without taking the C*°(U)-spans, (- )y, as formation

of combinations of this type leaves the common zero set unchanged.

Theorem (Veblen and Thomas 1926). Let (Xo,uq) € R? x U and suppose that,
in some neighborhood, of (Xo,ug), there exist L* > 0 and some tuple of functions
I=(",...,I?) CI" such that:

67The original proof in Veblen and Thomas (1926) or Eisenhart (1927) is very terse, and only

informally states several needed regularity conditions. We provide a more formal statement here.
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9[%‘.

has constant rank p in a neighborhood of (X, up).

(ii) Z¥° = Z"+and locally about (Xo,ug), and ZL° is precisely the common zero
set of I', ... IP.

(iii) (Xo,up) € ZL.

Then there exists a neighborhood Ny of ug and a unique solution X to (28) on N,
with X (ug) = Xo. Moreover, the family of local solutions is indexed by the X, such
that (XO, ug) € ZL° and hence depends smoothly on d — p constants.

Finally, we supply a book-keeping lemma which relates the matrices M to the

functions in each Z*.

Lemma 9. For any tuple o = (i, jo,...,j1), © # Jo, let:
Ro(X,u) =X -ro(u) and r4(u) = VQJO g T Q. ]LZVK”

Then for any 0 < L,

b= (R =(ijo, s )i # o, L< L)y, (29)
and hence:
Zh={(X,u) eR* x U : Mp(u)X = 0}.
Proof. Fix o = (4, jo,--.,J1), 1 # jo. Then, forany k = 1,...,d, by direct calculation:
d 9 L
a k i ki j
Dk( [VQJO JL Jo L Z VKJZ]> - Z X {KGW Googr T Ky Jo--jr Z Kl]cl +
a=1 =0

? .
+ auaauk Jo--JL + ( jo JL) ZK]l + Q]O JL ZKtjzlk]

=0

0? ,
_ X Kk i
§ : { Jo---grLk + QurOuF Jo---jr T

L L L
ot ( ;ou-ij - ;'0...jL Z Kljfl) Z Kjl + QJO Jr Z K]jfil:|

=0 =0 =0
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Expanding the cross-derivative of Q;O ;, using the definition of Q: and canceling

Jo--jrk’
terms, yields:

d
, o .
a k i
=3 X { i M(KJOJF +K§L+Ka) 5 Qo

(i () (X))

=X [VQ;O---ij + Q;o---ij(VKjO +-- VKjL + VKk) B

L
B (ZKIJCZ) (VQJO gL JO JLZVK]Z>:|
=0

The dot product of X with first summand in the square brackets is simply Rk, where

ak = (i, jo,- .-, Jjr, k). Similarly, the dot product of X with the second summand is
(ZILZO K,zl) times R,. Thus:

L
Reoin(X,u) = DyRy + (Z Kgl) R
=0

For L = 0, the R;;, are precisely the I}O hence (29) holds trivially. Suppose then that
(29) holds for some L > 0. Then the above calculation (and Leibniz’s rule) shows that
Dy of any element of the right-hand side of (29) belongs to the span of the functions
R, where o is of length < L 4 1. Conversely, the above calculation shows that each
new generator R, belongs to the span of Z* and its derivatives under the operators
Dy. Thus (29) holds for indices of length L + 1, and the claim follows by induction.
Finally, note the rows of Mj(u) are precisely the transposes of the coefficients r,,

hence the final claim is immediate. O

H.6.2 Proof of Theorem 6

Proof. (<=): Suppose that kerM - (up) NRY, # @, and suppose Xy is any arbitrary
element of this intersection. Let p = rank M« (ug). Since Xy # 0 belongs to this
kernel, p < d. Now, by definition of L*,

rank M« (ug) = rank M« (up),

and by (CR.3), after restricting U to some sufficiently small neighborhood of g, both

matrices have constant rank p. We will henceforth suppose U has been replaced with
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any such restriction. As the rows of M. are included in those of My« .1, we have
for every u € U:
ker My« (u) = ker M1 (u).

Choose p rows, r*(u)T,...,7P(u)T of My«(ug) that are linearly independent at wuq (if
p = 0 we instead choose the empty tuple). By possibly restricting U further, we may
suppose that r!(u)T,...,7P(u)T are linearly independent at every u € U; we suppose

this is true. Define:

A

I'X,u)=X-r*(u), a=1,...,p.

By Lemma 9, I" e T for every a = 1,...,p. Moreover, the Jacobian with respect to
the X variables of the vector valued function (f LI P) is simply the matrix whose
rows are r'(u)T,...,r?(u)T, and hence has constant rank p. Moreover, because M«
also has rank p everywhere on U, these rows span the row-space of M- (u) for all

u € U. Thus, again by Lemma 9,
ZV = {(X,u) eR*x U : My-(u)X =0},

and 2% = ZL™*! Thus by the theorem of Veblen and Thomas (1926), every initial
condition Xo € kerMp- N ]Ri + determines a unique local solution about wug. By

Proposition 3, this solution then corresponds to a local, common virtual numeraire
for the subprofile (=1, . .., —4+1).

—) : Suppose instead that some common, local virtual numeraire ¢ exists. Then
¥
by Proposition 3, X = ¢ is a positive, local solution to (28) on some neighborhood

of Ugp.

For any 7 # j, we have:
I;(X(u),u) = (Dﬂ,b:) (X(u),u)
0 [oX'
- %(81#)
0 (3Xi) _0
ou’ \ Ou?

Hence every element of Z° vanishes along the graph of X. Now, suppose that for

every 0 < L < L, every element of Z* vanishes on the graph of X. For any I € Z*

and j =1,...,d, 5
(Djj) (X(u),u) = %I(X(u),u)7
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as D; corresponds to simply total differentiation of I along the graph of X, and I
is constant on this graph. Because ZE is the U-span of ZF and these derivatives,
every element of ZEH! must also vanish on the graph of X. By induction, we obtain
that (X(u),u) € Z% for all L > 0. Now, by Lemma 9, for all L > 0 we also have
M (u)X (u) = 0. In particular, X (ug) € kerMp(ug) "R, as desired. O
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